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Abstract
Using the bisection bound of Monien and Preis, Fomin and Høie proved in 2006 that every

graph of maximum degree 3 on n vertices has pathwidth at most n/6 + o(n). We prove that
the pathwidth, bisection width and cutwidth of these graphs are at most c3 n + o(n), where
c3 = 3

4π arccos 5
6 ≈ 0.1398. For bisection width this improves the bound n

6 + o(n) of Monien
and Preis (2006) and extends to all such graphs the bound that Lichev and Mitsche (2023)
obtained for random cubic graphs. For maximum degree 4, we prove that bisection width and
cutwidth are at most n

3 + o(n), improving the bound 2n
5 + o(n) of Monien and Preis for 4-regular

graphs, and that pathwidth is at most 0.2458n+o(n), improving the bound n
3 of Fomin, Gaspers,

Saurabh and Stepanov (2009). We show that every graph with m edges has pathwidth at most
7

48m+ o(n), improving the bound 13
75m of Scott and Sorkin (2007), and we give several further

bounds, none best for all graphs, of the form
∑

d≥3 ad nd + o(n) with coefficients ad < 1, where
nd is the number of vertices of degree d. The path decompositions, and linear orderings of the
stated cutwidth, can be computed in polynomial time.

Instead of deriving pathwidth bounds from bisection width, we give each vertex a Gaussian
label, a weighted sum of independent standard normal variables, one for each vertex of a ball
around it, so that adjacent vertices have strongly correlated labels. Sweeping a threshold through
the labels gives a path decomposition whose bags are frontiers: the vertices above the threshold
that have a neighbor below it. We bound the probability that a vertex lies in a frontier from
above by comparison with an explicit Gaussian model of a vertex and its neighbors; a refinement
of this sweep gives the width c3 n+ o(n) for maximum degree 3.

Faster exact algorithms follow. For graphs of bounded maximum or average degree, they
include algorithms for feedback vertex set and the traveling salesperson problem. For general
graphs, a branching algorithm that finishes sparse instances by dynamic programming becomes
faster for minimum weight dominating set, and the bound in m gives faster algorithms for Max
2-CSP and for counting subgraphs with k edges.

This short version states the main results, proves the bound for maximum degree 3, and
sketches the other proofs. The full version [34] contains all proofs, the computer-assisted
certificates, the algorithms and the derivations of the running times.

1 Introduction
How large can the pathwidth of a sparse graph be? For graphs of maximum degree 3 the best upper
bound has stood for twenty years: Fomin and Høie [31] proved that they have pathwidth at most
1
6n + o(n), where n is the number of vertices. We prove that graphs of maximum degree 3 have
pathwidth at most

c3 n+ o(n), c3 = 3
4π arccos 5

6 ≈ 0.13982,
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with corresponding improvements at every degree, per edge, and in the running times of the exact
algorithms built on these bounds.

The proof of the old bound cuts the graph into two halves along a bisection with about n
6 edges,

which exists by the theorem of Monien and Preis [56, Theorem 1], and then decomposes each half
with a prescribed boundary. Each of the two steps needs width about n

6 . The per-degree bounds
of Fomin, Gaspers, Saurabh and Stepanov [28] and of Edwards and McDermid [23] extend the
bound to all graphs by deleting vertices of large degree, and the per-edge bound 13

75m of Scott and
Sorkin [64], as well as the bound m

5.769 of Kneis, Mölle, Richter and Rossmanith [48], also follows
from these per-degree bounds. Many exact algorithms for sparse instances run a dynamic program
over a decomposition of such a width, and their running times are stated through these constants.
We replace bisection by a different construction: a threshold sweep through a correlated Gaussian
labeling of the vertices.

1.1 Width bounds

Throughout, graphs are finite and simple, n = |V (G)|, m = |E(G)|, nd = nd(G) is the number of
vertices of degree d, and ∆(G) is the maximum degree. Every remainder o(n) (or o(m)) stands
for a function of n (or m) alone, the same for all graphs in the stated class. Since every path
decomposition is a tree decomposition, all bounds also hold for treewidth.

Theorem 1.1 (bounded degree). Let G be a graph with n vertices.

(a) If ∆(G) ≤ 3, then pw(G) ≤ c3 n+ o(n).

(b) If ∆(G) ≤ 4, then pw(G) ≤ F4 n + o(n), where F4 ≈ 0.24577 is the maximum over the
threshold of an explicit Gaussian integral, the ideal 4-star function (4.2).

Part (a) is Theorem 5.1 in Section 5, and part (b) is Theorem 4.4 in Section 4. The bisection
width bw(G) is the minimum number of edges between the two sides of a partition of V (G) into
parts whose sizes differ by at most one, and the cutwidth cw(G) is the minimum, over all linear
orderings of V (G), of the maximum number of edges joining a vertex before a gap of the ordering
to a vertex after it.

Corollary 1.2 (bisection width and cutwidth). Every graph G with ∆(G) ≤ 3 satisfies bw(G) ≤
cw(G) ≤ c3 n+ o(n).

The corollary follows from Theorem 1.1(a) through the chain bw(G) ≤ cw(G) ≤ pw(G) + 2 for
maximum degree 3: bisection width is at most cutwidth [22, Lemma 2.4], cutwidth equals the search
number for maximum degree 3 [55, Corollary 3.3], the search number is at most the vertex separation
number plus 2 [24, Theorem 2.1], and vertex separation equals pathwidth [47, Theorem 3.1]. For
bisection width, Corollary 1.2 improves the bound n

6 + o(n) of Monien and Preis [56, Theorem 1] for
cubic graphs. The constant c3 is not new as a bisection constant: Lichev and Mitsche [51] proved
that random cubic graphs have bisection width at most c3n+ o(n) asymptotically almost surely,
and at least 0.103295n. What is new is that the same constant holds for every graph of maximum
degree 3, and for pathwidth.

The simplest form of our method, which counts the edges that cross a threshold, bounds the
cutwidth for larger maximum degree (Theorem 3.1): every graph with ∆(G) ≤ p has cutwidth at
most γpm + o(n), where γp = 1

π arccos 2
√

p−1
p . For ∆(G) ≤ 4 this is m

6 + o(n) ≤ n
3 + o(n), which

improves the bound 2n
5 + o(n) of Monien and Preis [56, Theorem 2] for the bisection width of

4-regular graphs; for ∆(G) ≤ 5 it is at most 0.5121n+ o(n).
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Table 1: Upper bounds on pathwidth, without the lower-order terms: per vertex for the classes
∆ ≤ 3 and ∆ ≤ 4 (Theorem 1.1), per vertex of degree d (Theorem 1.3) and per edge (Corollary 1.4).
Previous bounds: [31] for ∆ ≤ 3; [28] for ∆ ≤ 4 and for degrees 3 to 6; the coefficients g1/6(d) of [23]
for d ≥ 7; and 13

75m from [64] ( [48] state m
5.769). Decimals are rounded to four places. In Theorem 1.3

the coefficient of degree 3 exceeds c3: the triple behind it trades a larger coefficient at degree 3 for
smaller ones at degrees 4 and 5, and for ∆ ≤ 3 Theorem 1.1(a) applies.

∆ ≤ 3 ∆ ≤ 4 d = 3 d = 4 d = 5 d = 6 d = 7 d ≥ 11 per edge

previous 1
6

1
3

1
6

1
3

13
30

23
45 0.5698 1 − 3.5

d+1 +O(d−3) 13
75

this paper 0.1398 0.2458 5
32

1
4

11
32

7
16 0.5045 1 − 4

d+1
7

48

For graphs with vertices of all degrees we prove one bound per vertex, with a closed-form
coefficient for every degree, and one bound per edge.

Theorem 1.3 (all graphs). Every graph G satisfies pw(G) ≤
∑

d≥3 ad nd + o(n) for

ad = 3d− 4
32 (3 ≤ d ≤ 6), ad = 1 − 111

28 (d+ 1) (7 ≤ d ≤ 10), ad = 1 − 4
d+ 1 (d ≥ 11).

Corollary 1.4 (edges). Every graph G satisfies pw(G) ≤ 7
48 m+ o(n).

Both are proved in Section 6. Table 1 compares the coefficients with the previous ones. The
relative improvement is largest at degree 4: from 1

3 to 1
4 per vertex of degree 4, and to F4 ≈ 0.2458

for the whole class ∆ ≤ 4. The per-edge bound comes from the degree d that maximizes 2ad
d : for the

previous coefficients this is d = 5, with 13
75 ≈ 0.1733, and for ours it is d = 6, with 2a6

6 = 7
48 ≈ 0.1458.

Theorem 1.3 is one of several bounds of this form, none best for all graphs (Theorem 6.4).

1.2 Algorithms and consequences

The proofs of the width bounds are probabilistic. They can be made algorithmic: the Gaussian
variables are approximated by a finite rational distribution and the construction is derandomized by
the method of conditional expectations (Section 7).

Theorem 1.5 (computing the decompositions). Let β(G) be any of the bounds of Theorems 1.1,
1.3 and 6.2 to 6.4 and Corollary 1.4 without its remainder term. For every graph G in the class of
the bound, a path decomposition of G of width at most β(G) + o(n) can be computed in deterministic
time n2+o(1) +O(n(n+m)), and by a Las Vegas algorithm in expected time n1+o(1) +O(n(n+m)).

Many exact algorithms run in time cw poly(n) on a path decomposition of width w, so the new
widths give new running times. Section 8 lists them, one table line per problem and graph class,
together with the previous bounds. Among them are Minimum Weight Dominating Set in time
O(1.4815n) for vertex weights with polynomially many distinct subset sums (previously O(1.5002n)),
Max (r, 2)-CSP in time r7m/48+o(m) (previously r13m/75+o(m)), counting k-edge subgraphs in time
kO(k)n7k/48+o(k), and, on graphs of maximum degree 4, Feedback Vertex Set in time O(1.2600n) by
a Monte Carlo algorithm and the traveling salesperson problem deterministically in time O(1.4214n).
To our knowledge, each bound in the first eight groups of Table 3, the bounds in exponential space
that two recent preprints claiming to refute the Exponential Time Hypothesis would not supersede
(Section 8), is the fastest known for its problem and graph class (for a deterministic bound, among
deterministic algorithms), subject to the table notes.
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1.3 Evidence and verification

Theorem 5.1, which is Theorem 1.1(a), and Corollary 1.2 use no computation, and Theorem 5.1
has a complete formal proof in the Lean proof assistant, without hypotheses. Their written proofs
use the simplex theorem for three Gaussian variables (Lemma 4.2), which is a case of Mulgund’s
theorem [57], a preprint whose Lean formalization we checked; for three variables it also has an
elementary proof, which the formal proof of Theorem 5.1 uses. This short version contains the
complete written proof of Theorem 5.1 (Sections 2 and 5), except for Plackett’s identity and the
simplex theorem for three variables, which it cites. The other width bounds also use the cases of four
and five variables, which rest on the same preprint; for four variables the theorem also follows from
the four-cap theorem of Fejes Tóth [12,27]. They rest in addition on computer-assisted certificates
in ball arithmetic and exact rational arithmetic (Propositions 4.3 and 6.1, and two certificates
for Theorem 6.3). Theorem 1.1(b), Theorems 1.3, 6.2 and 6.3, Corollary 1.4 and Theorem 6.4
for its tuples other than C also have formal proofs in Lean, conditional on these inputs; for the
tuple C, and for Theorem 3.1 with p = 3, the formal proof is unconditional. The programs of the
computer-assisted steps and the Lean proofs are published on the companion website [35]; the full
version [34] states which result needs which input.

1.4 Related work

Width bounds. Fomin, Grandoni and Kratsch [29, §4.3.1] asked for the best possible upper bound
on the pathwidth and treewidth of graphs of maximum degree 3, and Fomin and Høie [31, §5] and
Fomin and Kratsch [33, notes to Chapter 5, p. 100] asked to reduce the gap between the upper
bound n

6 and a lower bound 0.082n. Van Rooij stated as an open problem to prove that cubic
graphs have treewidth at most ctn+ o(n) for some constant ct <

1
6 , with tree decompositions of

this width computable in polynomial time [68, Open Problem 14.2]; see also the Dagstuhl seminar
report [32]. Theorems 1.1 and 1.5 solve this problem with ct = c3, even for path decompositions.

Gaussian methods on sparse graphs. Thresholding Gaussian waves is a classical local algorithm
on random regular graphs and graphs of large girth [16,42,54]. The cut density 3

2π arccos 2
√

2
3 of a

single threshold appears in Lyons [54], and the correlation sequence of our labels on the 3-regular
tree is the extremal one of Backhausz, Szegedy and Virág [2] for factor of i.i.d. processes. Lichev
and Mitsche [51] used such waves, with a selection of helpful vertices, for the bisection width of
random cubic graphs; their analysis uses that random cubic graphs converge locally to the 3-regular
tree, where the correlations of the wave are explicit. In an arbitrary graph, short cycles leave the
correlation of two neighbors of a vertex unknown; the star comparison of Section 4 takes the place
of the tree structure. Orderings by a Gaussian projection with bounds on prefix boundaries appear
in the approximation algorithms of Feige [26] and of Louis, Raghavendra and Vempala [53], with
non-constant-factor losses. We are not aware of previous work that uses a threshold-by-threshold
Gaussian layout to bound a width parameter of all graphs in a class, nor of the star comparison.

Organization. Section 2 gives the layout lemma, the Gaussian tools, the labels and the concen-
tration step, and Section 3 the simplest sweep, which counts crossing edges. Section 4 introduces
the star comparison and the plain sweep, Section 5 the median switch and the complete proof of the
cubic bound, and Section 6 the mixed degrees and the bootstrap to all graphs. Section 7 outlines
the algorithms, Section 8 lists the algorithmic applications, and Section 9 concludes.
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2 Preliminaries

2.1 Layouts from labelings

A labeling of a graph G is a map y : V (G) → R, v 7→ yv; it is injective if all labels are distinct. For
t ∈ R let St = {v : yv ≤ t} be the sublevel set, and define its outer and inner frontiers

∂+St = {v : yv > t, ∃u ∈ N(v) : yu ≤ t}, ∂−St = {u : yu ≤ t, ∃v ∈ N(u) : yv > t}.

The same notation ∂+S = N(S) \ S and ∂−S = {u ∈ S : N(u) ̸⊆ S} is used for arbitrary sets
S ⊆ V (G), and e(S) is the number of edges with exactly one end in S.

Lemma 2.1 (layout). Let G be a nonempty graph, let v1, . . . , vn be an ordering of V (G), and let
Ti = {v1, . . . , vi}. Then the bags Wi = {vi} ∪ ∂+Ti (1 ≤ i ≤ n) form a path decomposition of G of
width maxi |∂+Ti| ≤ maxi e(Ti); in particular pw(G) ≤ cw(G). If y is an injective labeling, then
pw(G) ≤ maxt∈R |∂+St| and pw(G) ≤ maxt∈R |∂−St|.

Proof. Let fj be the index of the first neighbor of vj among v1, . . . , vj−1, or fj = j if there is none.
For i < j, vj ∈ Wi if and only if vj has a neighbor in Ti, that is, fj ≤ i; also vj ∈ Wj , and vj /∈ Wi

for i > j, because then vj ∈ Ti \ {vi}. So vj lies exactly in the consecutive bags Wfj
, . . . ,Wj . An

edge vavb with a < b has both ends in Wa, because vb /∈ Ta has the neighbor va ∈ Ta. So the bags
form a path decomposition, of width maxi |∂+Ti|, and |∂+Ti| ≤ e(Ti) because every vertex of ∂+Ti

is the end of an edge leaving Ti. For an injective labeling, order the vertices by increasing label;
then Ti = Syvi

. For the bound by inner frontiers, apply the bound by outer frontiers to −y: its
sublevel sets are the complements V (G) \A of the sets A = {v : yv < −t}, each empty or a sublevel
set of y, and ∂+(V (G) \A) = ∂−A.

The quantity maxi |∂−Ti|, minimized over all orderings, is the vertex separation number, which
equals the pathwidth by a theorem of Kinnersley [47, Theorem 3.1]; Lemma 2.1 is the easy direction
of that theorem. We need labels for which every frontier is small at every threshold. For random
labels, E|∂+St| = ∑

v P(v ∈ ∂+St), so everything rests on the probability that one vertex lies on the
frontier, together with concentration and a finite grid of thresholds (Section 2.4).

2.2 Gaussian tools

We write φ and Φ for the standard normal density and distribution function, sr =
√

1 − r2 for
r ∈ [−1, 1], and φ2(x, y; ρ) for the standard bivariate normal density with correlation ρ ∈ (−1, 1).
A random vector is centered Gaussian if every linear combination of its coordinates is a centered
normal variable (possibly degenerate); a correlation matrix is a positive semidefinite matrix with
unit diagonal. Every k × k correlation matrix C is the Gram matrix of unit vectors v1, . . . , vk,
and Ui = ⟨vi,Γ⟩ with Γ ∼ N(0, Ik) is a centered Gaussian vector with correlation matrix C. If all
coordinates of a centered Gaussian vector have positive variance, ties with constants have probability
zero, so strict and weak inequalities may be exchanged below.

Lemma 2.2 (two Gaussians). Let (U, V ) be centered Gaussian with unit variances and correlation
ρ > −1. Then

(a) P(UV ≤ 0) = arccos(ρ)/π;

(b) P
(
min(U, V ) ≤ t < max(U, V )

)
≤ arccos(ρ)/π for every t ∈ R.

5



Proof. If ρ = 1, then U = V and both claims are trivial. Let θ = arccos ρ ∈ (0, π). (a) Write U = G1
and V = cos θ G1 +sin θ G2 with independent standard normal G1, G2, and (G1, G2) = r(cosϕ, sinϕ).
The angle ϕ is uniform, U > 0 exactly when ϕ lies in the open half-circle centered at 0, and V > 0
exactly when it lies in that half-circle rotated by θ. The two half-circles differ by two arcs of length
θ, so P(UV ≤ 0) = 2θ/(2π). (b) Let S = U+V

2 and D = U−V
2 . They are uncorrelated, hence

independent, and S has a density f that is symmetric and decreasing in |s|. The event of (b) implies
(U − t)(V − t) = (S − t)2 −D2 ≤ 0. An interval of given length has the largest mass under f when
it is centered at 0, so, conditioning on D, P(|S − t| ≤ |D|) ≤ P(|S| ≤ |D|) = P(UV ≤ 0), and (a)
finishes the proof.

Lemma 2.3 (Sheppard’s formula [65]). Let (X1, X2, X3) be centered Gaussian with unit variances
and put ϑij = arccos Corr(Xi, Xj). Then P(X1 > 0, X2 > 0) = 1

2 − ϑ12
2π and P(X1 > 0, X2 > 0, X3 >

0) = 1
2 − ϑ12+ϑ13+ϑ23

4π .

Proof. The first formula follows from Lemma 2.2(a) and the symmetry X 7→ −X. Three nonzero
signs have either 0 or 2 disagreeing pairs, so P(not all signs equal) = 1

2
∑

i<j ϑij/π by Lemma 2.2(a),
and symmetry halves the probability that all signs are equal.

Lemma 2.4 (Plackett’s identity [61]). Let k ≥ 2 and t ∈ Rk, and for a positive definite k × k
correlation matrix Σ let P (Σ) = P(Yi > ti ∀i) with Y ∼ N(0,Σ). Then P is continuously
differentiable in the off-diagonal entries, and

∂P

∂Σij
= φ2(ti, tj ; Σij) · P

(
Yl > tl ∀l /∈ {i, j}

∣∣ Yi = ti, Yj = tj
)
,

where the conditional probability equals 1 if k = 2.

For k = 3, {i, j, l} = {1, 2, 3} and ti = tj = tl = h, the conditional distribution of Yl given
Yi = Yj = h is normal with

mean h
Σil + Σjl

1 + Σij
and variance det Σ

1 − Σ2
ij

> 0. (2.1)

Plackett’s identity implies Slepian’s inequality [66]: if two centered Gaussian vectors have the same
variances and every covariance of the first is at least the corresponding covariance of the second, then
all coordinates of the first exceed given thresholds with at least the probability that all coordinates
of the second do; this holds also for singular covariance matrices.

2.3 Gaussian labels with critical decay

A vertex lies on a frontier only if one of its edges crosses the threshold. By Lemma 2.2, two
standard normal labels with correlation ρ are separated by a given threshold with probability at
most arccos(ρ)/π. So the labels should be as correlated as possible across every edge, while each
label depends only on a bounded neighborhood. Let (Zw)w∈V (G) be independent standard normal
variables, and let BR(v) be the ball of radius R around v.

Definition 2.5 (labels). (a) Padded labels of degree p, for integers p ≥ 3, R ≥ 1 and graphs with
∆(G) ≤ p: Xv = ∑

w∈BR(v)(p− 1)− dist(v,w)/2Zw and Yv = Xv/σv with σ2
v = VarXv. For p = 3

the coefficients are 2− dist(v,w)/2.
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(b) Mixed labels, for R > 0 and graphs with δ(G) ≥ 3: every arc x → y has length 1
2 ln(d(x) − 1),

D(v, w) is the least length of a walk from v to w, and Xv = ∑
w: D(v,w)≤R e

−D(v,w)Zw, Yv =
Xv/

√
VarXv.

In both cases the decay is critical: the arcs leaving a vertex x, except any one of them, carry
total squared weight at most 1, that is, ∑

y∈N(x)\{y0} e
−2ℓ(x→y) ≤ 1, where ℓ(x → y) is 1

2 ln(p− 1) for
padded and 1

2 ln(d(x) − 1) for mixed labels. On a tree every sphere then carries the same squared
mass, so the squared mass is spread evenly over the R layers of the ball, and the outer shell, where
the balls of two neighbors differ, carries only a fraction O(1/R) of the variance. Faster decay would
make each label close to Zv alone; slower decay would let the outermost sphere dominate. For
integers i, j ≥ 3 put

rij = sech
(

1
4 ln

(
(i− 1)(j − 1)

))
, r∗ = r33 = 2

√
2

3 , r44 =
√

3
2 , r55 = 4

5 ,

so that rpp = 2
√

p−1
p .

Lemma 2.6 (edge correlations). (a) For padded labels of degree p at radius R, every edge uv
satisfies Corr(Yu, Yv) ≥ rpp(1 − 1

R).

(b) For mixed labels on a graph with δ(G) ≥ 3 and ∆(G) ≤ ∆0, every edge uv satisfies
Corr(Yu, Yv) ≥ rd(u)d(v)(1 − εR), where εR → 0 as R → ∞ for fixed ∆0.

Proof of (a). Write q = p− 1. First, if aw, bw > 0 satisfy bw/α ≤ aw ≤ βbw on a finite set I, then
with A = ∑

I a
2
w and B = ∑

I b
2
w,(

β + 1
α

) ∑
w∈I

awbw ≥ A+ β

α
B ≥ 2

√
β

α

√
AB,

the first inequality by summing (aw − bw/α)(βbw − aw) ≥ 0 (Diaz and Metcalf [21]), the second
by the inequality of arithmetic and geometric means; so ∑

I awbw ≥ sech(1
2 ln(αβ))

√
AB. Let

uv be an edge, and apply this to the coefficients aw = q− dist(u,w)/2 and bw = q− dist(v,w)/2 on
I = BR(u) ∩BR(v). Since dist(u,w) and dist(v, w) differ by at most one, α = β = √

q will do, and
sech(1

2 ln q) = 2√
q/(q + 1) = rpp. So Cov(Xu, Xv) ≥ rpp

√
AB. It remains to show A ≥ (1 − 1

R)σ2
u,

and likewise for B. Let sj be the number of vertices at distance j from u. A vertex at distance j ≥ 1
has at most q neighbors at distance j + 1, so sj+1 ≤ qsj for j ≥ 1, and the sphere masses sjq

−j are
nonincreasing in j ≥ 1. Hence the outermost one carries at most a fraction 1

R of σ2
u = 1+∑R

j=1 sjq
−j .

Every vertex of BR(u) \BR(v) lies on the sphere of radius R around u, which proves the claim.

No step uses regularity, girth, connectivity or a lower bound on the degrees. For mixed labels the
sphere argument is replaced by a cut argument in a shortest-path tree of the directed distance [34].
The constant rpp is best possible for labels whose weights depend only on the distance: on the
infinite p-regular tree the adjacency operator has norm 2

√
p− 1 (Kesten [46]; [70, Lemma 1.24]),

so no such radial Gaussian labeling has a neighbor correlation above 2
√

p−1
p = rpp, and our labels

approximate the Gaussian wave, which attains this value in the limit [34].
Lemma 2.7 (distinctness and locality). For padded labels at radius R, put ϱR = R; for mixed labels,
ϱR = ⌊2R/ ln 2⌋. Then the labels are pairwise distinct with probability 1, each Yv is a function of
(Zw)w∈BϱR

(v), and the events {v ∈ ∂+St} and {v ∈ ∂−St} are determined by (Zw)w∈BϱR+1(v).

Proof. Let u ̸= v. If the coefficients of Zu and of Zv in Yu − Yv both vanished, then σv = σue
−D(v,u)

and σv = σue
D(u,v), so D(u, v) +D(v, u) = 0, which is impossible. So Yu − Yv has positive variance

and P(Yu = Yv) = 0. Every arc has length at least 1
2 ln 2, which gives the ball BϱR(v), and a frontier

event of v depends on the labels of N [v].
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2.4 Reductions and concentration

The reduction operations delete a vertex of degree 0 or 1, suppress a vertex of degree 2 whose
neighbors are not adjacent (delete it and join its neighbors), or delete a vertex of degree 2 whose
neighbors are adjacent. They do not increase any degree, and a maximal sequence of them ends
with an empty graph or a graph of minimum degree at least 3.

Lemma 2.8 (undoing reductions [34]). Apply to a nonempty graph F any finite sequence of steps,
each a reduction operation or the deletion of a vertex. Let D be the set of deleted vertices and R the
final graph. Then pw(F ) ≤ |D| + pw(R) + 3 log2 |V (F )| + 1.

The proof shows that every component C of (F −D) − V (R) has tw(F [C]) ≤ 2 and attaches
to R at a single vertex or at the two ends of an edge of R, and uses that a graph of treewidth k
on N vertices has pathwidth at most (k + 1)⌊log2N⌋. With no deletions, it shows that a bound∑

d≥3 adnd + o(n) with nondecreasing coefficients needs to be proved only for graphs of minimum
degree at least 3. The next three lemmas turn bounds on expectations at finitely many thresholds
into a bound for one realization at all thresholds.

Lemma 2.9 (local variance). Let ∆(G) ≤ ∆ with ∆ ≥ 2, let (Zw) be independent, and let W = ∑
v Iv,

where each Iv takes values in [0, 1] and is a function of (Zw)w∈Bϱ(v). Then VarW ≤ 1
2n∆2ϱ.

Proof. Cov(Iu, Iv) = 0 unless Bϱ(u) ∩Bϱ(v) ̸= ∅, that is, v ∈ B2ϱ(u), and | Cov(Iu, Iv)| ≤ 1
4 always.

There are at most nmaxu |B2ϱ(u)| ≤ 2n∆2ϱ such pairs, since |Bk(u)| ≤
∑k

i=0 ∆i ≤ 2∆k.

Lemma 2.10 (grid). Let y be any labeling of a graph G, let τ0 < τ1 < · · · < τK , and for 0 ≤ j < K
let Nj = |{v : τj < yv ≤ τj+1}|.

(i) If τj ≤ τ < τj+1, then |∂+Sτ | ≤ |∂+Sτj+1 | +Nj and |∂−Sτ | ≤ |∂−Sτj | +Nj.

(ii) If τ < τ0, then |∂+Sτ | ≤ ∆(G) · |{v : yv ≤ τ0}| and |∂−Sτ | ≤ |{v : yv ≤ τ0}|.

(iii) If τ ≥ τK , then |∂+Sτ | ≤ |{v : yv > τK}|.

Proof. Let v ∈ ∂+Sτ , with a neighbor u such that yu ≤ τ . (i) If yv > τj+1, then v ∈ ∂+Sτj+1 with
the same neighbor u; otherwise v is counted by Nj . For the inner frontier, let u ∈ ∂−Sτ , with
a neighbor x such that yu ≤ τ < yx. If yu ≤ τj , then u ∈ ∂−Sτj ; otherwise u is counted by Nj .
(ii) Map v to u, whose label is at most τ0; each u is the image of at most ∆(G) vertices. Also
∂−Sτ ⊆ Sτ0 . (iii) yv > τ ≥ τK .

Lemma 2.11 (concentration of local counts). Let G have N vertices and ∆(G) ≤ ∆, where ∆ ≥ 2,
let (Yv) be labels as in Definition 2.5, and let W1, . . . ,Wµ be sums over v ∈ V (G) of [0, 1]-valued
functions of (Zw)w∈Bϱ(v). If λ > 0 and µN∆2ϱ < 2λ2, then some realization of (Zw) has pairwise
distinct labels and |Wi − EWi| < λ for all i.

Proof. By Lemma 2.9 and Chebyshev’s inequality, P(|Wi − EWi| ≥ λ) ≤ N∆2ϱ/(2λ2); a union
bound over the µ counts and Lemma 2.7 finish the proof.

3 The cut sweep
The simplest form of the method counts edges instead of frontier vertices. Every prefix of the order
by labels is a set St, so the cutwidth of that order is the largest number of edges that cross a
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threshold, that is, have one end labeled at most t and the other above t. For an integer p ≥ 3 put
γp = 1

π arccos rpp; then γ4 = 1
6 , γ5 < 0.20484, and

3
2γ3 = c∗ := 3

2π arcsin 1
3 = 3

2π arccos 2
√

2
3 ≈ 0.16226 < 1

6 .

The inequality c∗ <
1
6 means 1

3 < s for s = sin π
9 ; it holds because h(x) = 3x− 4x3 is increasing on

[0, 1
2 ], h(s) = sin π

3 =
√

3
2 , and h(1

3) = 23
27 <

√
3

2 .

Theorem 3.1 (cut sweep). For every integer p ≥ 3 there is a function ηp(n) = o(n) such
that every graph G with ∆(G) ≤ p satisfies pw(G) ≤ cw(G) ≤ γpm + ηp(n). In particular
pw(G) ≤ cw(G) ≤ c∗n+o(n) if ∆(G) ≤ 3, and bw(G) ≤ cw(G) ≤ m

6 +o(n) ≤ n
3 +o(n) if ∆(G) ≤ 4.

Proof sketch. Take the padded labels of degree p at radius R. By Lemma 2.6(a) and Lemma 2.2(b),
every edge crosses every threshold with probability at most 1

π arccos(rpp(1 − 1
R)), so by linearity of

expectation every threshold is crossed by at most γpm+Op(n/R) edges in expectation. Let τj =
−3+j/K for 0 ≤ j ≤ 6K. An edge crossing τ ∈ [τj , τj+1) either crosses τj or has its lower end among
the Nj vertices with labels in (τj , τj+1], each the end of at most p edges; for τ /∈ [−3, 3) the crossing
edges are bounded by the degree sums over the vertices with |Yv| > 3, whose means are 2mΦ(−3).
All these counts are sums of [0, p]-valued local terms, so with K = R = ⌊1

8 logp−1 n⌋, Chebyshev’s
inequality and a union bound (as in Lemma 2.11) give a realization in which every count is within
n7/8 of its mean. Ordering the vertices by its labels gives cw(G) ≤ γpm+Op(n/R) + (p+ 1)n7/8,
and Lemma 2.1 gives pw(G) ≤ cw(G). For ∆(G) ≤ 3, γ3m ≤ 3

2γ3n = c∗n; for the bisection width,
take the first ⌊n/2⌋ vertices of the ordering.

The full version gives a complete, self-contained proof of the case p = 3, using only Sheppard’s
formula (the random-hyperplane lemma of Goemans and Williamson [40]) and Chebyshev’s inequality.
The argument loses in two places. First, the angle: on cubic graphs of large girth no radial labels
do better than arcsin 1

3 , so counting crossing edges cannot give a smaller constant with such labels.
Second, the count: a vertex of ∂+St is counted once for every neighbor in St. Counting each such
vertex once needs the joint distribution of a label and all its neighbor labels, in which the correlations
between two neighbors are unknown. The star comparison of the next section handles them.

4 The star comparison and the plain sweep

4.1 Stars and the reduction to the center

Fix a vertex v of degree d with neighbors u1, . . . , ud. The vector (Yv, Yu1 , . . . , Yud
) is a centered

Gaussian vector with unit variances whose incident correlations Corr(Yv, Yui) are at least known
lower bounds ri; we call it a d-star with lower bounds r, with center Y0 = Yv and neighbors
Yi = Yui . The correlations Corr(Yi, Yj) between two neighbors are not controlled: short cycles
through v may make them large or small. The vertex lies in ∂+Sτ exactly when the frontier event
{Y0 > τ, mini Yi ≤ τ} occurs. We bound its probability from above in terms of r alone.

Lemma 4.1 (reduction to the center). Let (Y0, . . . , Yd) be a d-star with lower bounds r ∈ (0, 1)d,
and let Pmin(a) be the infimum of P(Ui > ai ∀i) over all centered Gaussian vectors U = (U1, . . . , Ud)
with unit variances. Then for every τ ∈ R,

P
(
Y0 > τ, min

i
Yi ≤ τ

)
≤ Φ(−τ) −

∫ ∞

τ
φ(z)Pmin

(
a(z)

)
dz, ai(z) = τ − riz

sri

. (4.1)
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Proof sketch. The event {Y0 > τ} is the disjoint union of the frontier event and the event that the
whole star lies above τ , so it suffices to bound the latter from below. With ρi = Corr(Y0, Yi) and
fresh independent standard normal ξi, put Y ′

0 = Y0 and Y ′
i = Yi − (ρi − ri)Y0 +

√
ρ2

i − r2
i ξi. Then

VarY ′
i = 1, Corr(Y ′

0 , Y
′

i ) = ri, and Cov(Y ′
i , Y

′
j ) = Cov(Yi, Yj) − ρiρj + rirj ≤ Cov(Yi, Yj), so by

Slepian’s inequality the new star lies above τ with at most the probability of the old one. In the
new star Y ′

i = riY0 + sriUi with U independent of Y0, and given Y0 = z the neighbor Y ′
i lies above

τ exactly when Ui > ai(z). Integrating over z > τ and taking the least favorable correlation matrix
of U for each z gives (4.1).

For equal thresholds the infimum Pmin is attained by the most spread-out configuration, the
regular simplex vector U∗: d standard normal variables with all pairwise correlations − 1

d−1 , the
most negative common value possible, at which their sum is 0. Write Sd(a) = P(U∗

i > a ∀i).

Lemma 4.2 (simplex theorem for d ≤ 5). Let d ∈ {3, 4, 5} and let U be a centered Gaussian vector
in Rd with unit variances, possibly with a singular correlation matrix. Then P(Ui > a ∀i) ≥ Sd(a)
for every a ∈ R.

This is a case of a recent theorem of Mulgund [57, Theorem 1.1], which proves a conjecture of
Balitskiy, Karasev and Tsigler [3]. For d = 3 it also has an elementary proof: condition on one
coordinate, apply the Fréchet bound P(A ∩ B) ≥ PA + PB − 1 to the other two, note that the
bound is attained by a planar configuration with the same conditional marginals, and compare
planar configurations by convexity. For d = 4 it also follows from the four-cap theorem of L. Fejes
Tóth [12,27].

4.2 Ideal stars and the plain sweep

Suppose that all lower bounds are equal to some r, as on a d-regular graph. Then all thresholds ai(z)
equal (τ − rz)/sr, and by the simplex theorem the bound of Lemma 4.1 becomes an explicit integral.
It is the frontier probability of an actual star, the ideal d-star : Y ∗

0 = Z and Y ∗
i = rZ + srU

∗
i , with

Z standard normal and independent of U∗. Its incident correlations are exactly r, its neighbors
sum to drZ, and any two neighbors have correlation (dr2 − 1)/(d− 1), the smallest common value
possible. Given Z = z, all neighbors lie above τ with probability exactly Sd((τ − rz)/sr), so its
frontier probability, the ideal star function, is

fd,r(τ) = P
(
Y ∗

0 > τ, min
i
Y ∗

i ≤ τ
)

= Φ(−τ) −
∫ ∞

τ
φ(z)Sd

(τ − rz

sr

)
dz. (4.2)

By Lemmas 4.1 and 4.2, for 3 ≤ d ≤ 5 every star with at most d neighbors whose lower bounds
are all at least r has frontier probability at most fd,r(τ) at every threshold. Since the ideal star is
itself such a star, no better bound follows from the lower bounds alone. The layout lemma takes the
largest frontier over all thresholds, so what counts is the worst threshold.

Proposition 4.3 (enclosures of F3 and F4). The suprema F3 = supτ f3,r33(τ) and F4 = supτ f4,r44(τ)
satisfy

0.1401582523314521636939405140172 ≤ F3 ≤ 0.1401582524,
0.2457719746988 ≤ F4 ≤ 0.24577197475.

The proof is computer-assisted, in ball arithmetic with the Arb library [45], from one-dimensional
integral formulas for the ideal star functions [34]. The first supremum is attained near τ ≈ −0.068,
the second near τ ≈ −0.164.
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Figure 1: The ideal 3-star function f3,r∗ at the cubic correlation r∗ = 2
√

2
3 and its reflection; the

right panel enlarges the box of the left panel, and the dotted line at 1/6 is the previous bound for
maximum degree 3 [31]. The plain sweep has width at most F3n+ o(n) ≈ 0.1402n, the maximum of
the thin solid curve, attained at t ≈ −0.068 (filled dot). The median-switched sweep keeps inner
frontiers for t < 0 and outer frontiers for t > 0. It has width at most c3n+ o(n), the maximum of
the thick envelope, attained at t = 0 (open dot): by the switch lemma (Lemma 5.7), the passage
from inner to outer frontiers at t = 0 adds nothing at leading order.

Theorem 4.4 (plain sweep). Every graph with ∆(G) ≤ 4 satisfies pw(G) ≤ F4n+ o(n), and every
graph with ∆(G) ≤ 3 satisfies pw(G) ≤ F3n+ o(n).

Proof sketch. Take padded labels of degree 4 at radius R. By Lemma 2.6, every star has lower
bounds r44(1 − 1

R), so every vertex lies in ∂+Sτ with probability at most f4,r44(1−1/R)(τ), which is at
most F4 + oR(1) uniformly in τ by an explicit continuity estimate of the center bound in the lower
bounds [34]. By linearity of expectation E|∂+Sτ | ≤ (F4 + oR(1))n at every threshold. With the grid
τj = −3 + j/K, Lemmas 2.10 and 2.11 give a realization in which every outer frontier has at most
(F4 + oR(1) + φ(0)/K)n+ 4n7/8 vertices (outside [−3, 3] there are at most 4Φ(−3)n+ 4n7/8), and
Lemma 2.1 finishes the proof as R,K → ∞ slowly with n. The same argument with padded labels
of degree 3 gives F3.

For maximum degree 3, the coefficient F3 is the best that any analysis of the outer frontiers can
give: on cubic graphs of large girth the stars of the labels are nearly ideal, so the outer frontier
at τ ≈ −0.068 has about F3n vertices. Improving the bound requires changing the layout, not the
analysis.

5 The median switch: maximum degree 3
This section proves Theorem 1.1(a). The proof is complete here, except for the three-variable case
of the simplex theorem (Lemma 4.2) and Plackett’s identity (Lemma 2.4), which we cite.

Theorem 5.1 (maximum degree 3). Every graph G with ∆(G) ≤ 3 satisfies pw(G) ≤ c3 n+ o(n).

Compared with the plain sweep, only the layout changes: vertices still enter in increasing order
of their labels, but the layout keeps inner frontiers while the threshold is negative and outer frontiers
while it is positive, and passes from one to the other at threshold zero by a short sequence of bags,
the connector. The change is suggested by the shape of f3,r (Fig. 1): it exceeds its value at the
median only below the median.
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5.1 Setting

Throughout, G is a finite simple graph with ∆(G) ≤ 3; it may be disconnected and may have
vertices of degree 0, 1 or 2. Recall r∗ = 2

√
2

3 , and put

b(r) = 3r2 − 1
2 , κ(r) = 3

4π arccos b(r) (0 < r < 1).

For r ∈ (0, 1) we have b(r) ∈ (−1
2 , 1), so κ is well defined and continuous on (0, 1), and b(r∗) = 5

6 , so
κ(r∗) = c3.

Labels. Fix an integer R ≥ 2 and let (Yv) be the padded labels of degree 3 at radius R, and
rR = r∗(1 − 1

R) ∈ (0, r∗). By Lemmas 2.6 and 2.7:

(L1) (Yv)v is centered Gaussian with unit variances, and every edge uv satisfies Corr(Yu, Yv) ≥ rR;

(L2) with probability 1, the labels are pairwise distinct;

(L3) Yv is a function of (Zw)w∈BR(v).

Since −Y is again centered Gaussian with the same covariance, −Y has the same distribution as Y ;
we call this sign symmetry.

Threshold zero. For a labeling y, put U = ∂−S0 and W = ∂+S0, and let D be the set of vertices
of degree 3 all of whose neighbors lie on the other side of zero, that is, vertices v with d(v) = 3
and either yv ≤ 0 < minx∈N(v) yx or yv > 0 ≥ maxx∈N(v) yx. Then D ⊆ U ∪ W . Put U ′ = U \ D,
W ′ = W \D and

L0 = |U | + |D ∩W | = |U ′| + |D|, L′
0 = |W | + |D ∩ U | = |W ′| + |D|. (5.1)

5.2 The median-switched layout

The connector at zero needs an ordering lemma. Think of the elements of Q below as the vertices of
W ′, to be added one at a time, and of the items as the vertices of U ′, each of which can be dropped
once its at most two neighbors in W ′ are present.

Lemma 5.2 (connector order). Let Q be a finite set with k elements and let P be a finite set of
items, each item p having a nonempty set e(p) ⊆ Q of at most two endpoints. For an ordering
q1, . . . , qk of Q and 0 ≤ j ≤ k, let c(j) be the number of items p with e(p) ⊆ {q1, . . . , qj}. Then
some ordering satisfies

j − c(j) ≤ max(0, k − |P |) + 1 for all 0 ≤ j ≤ k. (5.2)

Proof. We use induction on k. If k = 0, then P = ∅ and (5.2) reads 0 ≤ 1. Let k ≥ 1. Call
a set Y ⊆ Q closed if every item p satisfies e(p) ⊆ Y or e(p) ⊆ Q \ Y . For a closed set A let
PA = {p : e(p) ⊆ A} and ex(A) = |A| − |PA|; thus ex(Q) = k − |P |.

Case 1: some nonempty proper subset Y of Q is closed. Then Q \ Y is closed as well, and every
item lies in exactly one of PY and PQ\Y . Let A be the one of Y,Q \ Y with the smaller excess and
B the other, so that ex(Q) = ex(A) + ex(B) ≥ 2 ex(A). By induction, (A,PA) and (B,PB) have
orderings satisfying (5.2) with ex(A), respectively ex(B), in place of k − |P |; order Q as A followed
by B. For j ≤ |A|, c(j) = cA(j), so j − c(j) ≤ max(0, ex(A)) + 1, which is at most 1 if ex(A) ≤ 0,
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and otherwise at most ex(Q) + 1 because ex(Q) ≥ 2 ex(A). For j = |A| + j′ with 1 ≤ j′ ≤ |B|,
c(j) = |PA| + cB(j′) and j − c(j) ≤ ex(A) + max(0, ex(B)) + 1. If ex(B) ≥ 0, this is ex(Q) + 1; if
ex(B) < 0, then ex(A) ≤ ex(B) < 0 and it is less than 1.

Case 2: no nonempty proper subset of Q is closed. Choose q1 arbitrarily. Given X = {q1, . . . , qj}
with 1 ≤ j < k, the set X is not closed, so some item p has e(p) = {x, y} with x ∈ X and y /∈ X;
put qj+1 = y. Then c(j+ 1) ≥ c(j) + 1, so c(j) ≥ j− 1 for every j ≥ 1, and j− c(j) ≤ 1 for all j.

Lemma 5.3 (median-switched layout). Let G be a graph with ∆(G) ≤ 3, let y : V (G) → R be
injective, and let w ≥ 0 be a real number such that

(i) |∂−St| ≤ w for every t < 0;

(ii) |∂+St| ≤ w for every t > 0; and

(iii) max(L0, L
′
0) + 1 ≤ w, with L0, L

′
0 as in (5.1).

Then pw(G) ≤ w.

Proof. Let v1, . . . , vn be the vertices in increasing order of y, ℓ = |S0|, and Ti = {v1, . . . , vi}. A
vertex u ∈ U ′ is not in D, so either d(u) ≤ 2 or u has a neighbor at or below zero; in both cases
u has at most two neighbors above zero. Let P be the set of u ∈ U ′ for which e(u) := N(u) ∩W ′

is nonempty, so that |e(u)| ≤ 2, and let q1, . . . , qk be an ordering of W ′ given by Lemma 5.2 for
Q = W ′ and the items P . The inner bags are Ai = {vi} ∪ ∂−Ti−1 for 1 ≤ i ≤ ℓ, the outer bags are
Ai = {vi} ∪ ∂+Ti for ℓ < i ≤ n, and the connector bags are

C−1 = U ∪ (D ∩W ), Cj = D ∪
{
u ∈ P : e(u) ̸⊆ {q1, . . . , qj−1}

}
∪ {q1, . . . , qj} (0 ≤ j ≤ k),

in the order A1, . . . , Aℓ, C−1, C0, . . . , Ck, Aℓ+1, . . . , An.
Sizes. For i ≤ ℓ, Ti−1 = St for some t < 0, so |Ai| ≤ w + 1 by (i); for i > ℓ, Ti = St for some

t > 0, so |Ai| ≤ w + 1 by (ii). Next |C−1| = L0 and |C0| ≤ |D| + |U ′| = L0. For 1 ≤ j ≤ k, the
number of items in Cj is |P | − c(j− 1), so by (5.2) at j− 1, |Cj | ≤ |D| + |P | + max(0, k− |P |) + 2 =
|D| + max(|P |, |W ′|) + 2 ≤ max(L0, L

′
0) + 2 ≤ w + 1.

Intervals. A vertex of D lies in all connector bags, qj in Cj , . . . , Ck, an item u ∈ P in C−1, . . . , CJ

for the largest position J of an element of e(u), and every other vertex of U in C−1 only. Let u = va

with a ≤ ℓ, and let b be the largest index of a neighbor of u. The inner bags containing u are
Aa, . . . , Amin(max(a,b),ℓ), and no outer bag contains u. If u /∈ U then b ≤ ℓ and u is in no connector
bag; if u ∈ U its bags are Aa, . . . , Aℓ followed by a prefix of the connector bags. Symmetrically, a
vertex x = vc with c > ℓ lies in no inner bag, in consecutive outer bags ending with Ac and starting
with Aℓ+1 if x ∈ W , and, if x ∈ W , in a suffix of the connector bags.

Edges. Let vavb be an edge with a < b. If b ≤ ℓ, both ends lie in Ab; if a > ℓ, both ends lie in
Aa. Otherwise u = va ∈ U and x = vb ∈ W . If x ∈ D ∩W , both ends lie in C−1; if u ∈ D ∩U , both
lie in Ck. Otherwise u ∈ P and x = qj ∈ e(u) for some j, so u, x ∈ Cj . Hence the bags form a path
decomposition of width at most w.

5.3 The star comparison at nonnegative thresholds

The ideal 3-star at correlation r ∈ (0, 1) is Y ∗
0 standard normal and Y ∗

i = rY ∗
0 + srU

∗
i , where U∗

is the regular simplex vector in three variables, realized as the projections of a standard planar
Gaussian vector onto three unit vectors at mutual angles 2π

3 . Its neighbor pairs have correlation
b(r), ties have probability zero, and

Y ∗
1 + Y ∗

2 + Y ∗
3 = 3rY ∗

0 . (5.3)
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Lemma 5.4. For every r ∈ (0, 1), f3,r(0) = κ(r).

Proof. If Y ∗
i > 0 for all i, then Y ∗

0 > 0 by (5.3). Hence f3,r(0) = P(Y ∗
0 ≥ 0) − P(mini Y

∗
i > 0) =

1
2 −

(1
2 − 3 arccos b(r)

4π

)
= κ(r) by Lemma 2.3.

Lemma 5.5. For every r ∈ (0, 1) and every t ≥ 0, f3,r(t) ≤ f3,r(0).

Proof. Let M = mini Y
∗

i . If M > t ≥ 0, then Y ∗
0 > t/r ≥ t by (5.3), so f3,r(t) = P(Y ∗

0 ≥ t)−P(M >
t) for all t ≥ 0, and f3,r(0) − f3,r(t) = P(0 ≤ Y ∗

0 < t) − P(0 < M ≤ t). The event {0 < M ≤ t} is
contained in the union of the events Ak = {0 < Y ∗

k ≤ t, Y ∗
k ≤ Y ∗

j ∀j}. Fix k, write b = b(r), and
put Rj = Y ∗

j − bY ∗
k for j ̸= k. The pair (Rj)j ̸=k is uncorrelated with, hence independent of, Y ∗

k ,
and on Ak both Rj ≥ (1 − b)Y ∗

k > 0. The two residuals have correlation b−b2

1−b2 = b
1+b <

1
2 , so by

Lemma 2.3 both are positive with probability less than 1
3 . Hence P(Ak) ≤ 1

3P(0 < Y ∗
0 ≤ t), and

summing over k gives the claim.

Proposition 5.6 (star bound at nonnegative thresholds). Let r ∈ (0, 1), let 0 ≤ d ≤ 3, and let
(Y0, Y1, . . . , Yd) be a centered Gaussian vector with unit variances and Corr(Y0, Yi) ≥ r for 1 ≤ i ≤ d.
Then for every t ≥ 0,

P
(
Y0 ≥ t, ∃i ∈ {1, . . . , d} : Yi ≤ t

)
≤ f3,r(t) ≤ κ(r).

Proof. The second inequality is Lemmas 5.4 and 5.5. Put ai = Corr(Y0, Yi) ≥ r. Indices with
ai = 1 contribute only null events and are discarded; if none remains, the probability is 0. For the
remaining i put ηi = (Yi − aiY0)/sai , which are standard normal and independent of Y0; repeat one
of them if fewer than three remain. On {Y0 ≥ t} the function g(a) = (t − aY0)/

√
1 − a2 satisfies

g′(a) = (at− Y0)(1 − a2)−3/2 ≤ 0 on [r, 1), because at ≤ t ≤ Y0. Hence Yi ≤ t, that is, ηi ≤ g(ai),
implies ηi ≤ g(r) = (t− rY0)/sr. By independence and Lemma 4.2 with d = 3,

P(Y0 ≥ t, ∃i : Yi ≤ t) ≤
∫ ∞

t
φ(z)

(
1 − S3

( t− rz

sr

))
dz = f3,r(t).

For t < 0 the monotonicity of g fails on part of the event {Y0 ≥ t}; the median-switched layout
uses outer frontiers only at t > 0 and inner frontiers, which by sign symmetry are outer frontiers of
−Y , only at t < 0.

5.4 Level zero: the switch lemma

For a vertex v of degree d with neighbors x1, . . . , xd, the events v ∈ U and v ∈ D ∩ W are
{Yv ≤ 0 < maxi Yxi} and {d = 3, Yv > 0 ≥ maxi Yxi}, so the following lemma bounds the
contribution of v to EL0 by the same κ(r) as at nonzero thresholds.

Lemma 5.7 (switch lemma). Let r ∈ (0, 1), let 0 ≤ d ≤ 3, and let (Y0, Y1, . . . , Yd) be a centered
Gaussian vector with unit variances and Corr(Y0, Yi) ≥ r for 1 ≤ i ≤ d. Then

P
(
Y0 ≤ 0, ∃i : Yi > 0

)
+ 1d=3P

(
Y0 > 0, Yi ≤ 0 for all i

)
≤ κ(r).

At the ideal star the second event is impossible, by (5.3), and the first has probability exactly
κ(r); a star that makes the second event possible loses at least as much in the first. After conditioning
on the center, it remains to show that the probability that at least two of three standard normal
residuals exceed a level h > 0 is smallest for U∗. This is not an orthant event, so the simplex
theorem does not apply; we use a deformation monitored by Plackett’s identity.
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Lemma 5.8 (angles of three unit vectors). Let α, β, γ ∈ [0, π] and let C be the symmetric 3 × 3
matrix with unit diagonal and off-diagonal entries C23 = cosα, C13 = cosβ, C12 = cos γ. Then
detC =

(
cosα − cos(β + γ)

)(
cos(β − γ) − cosα

)
, and C is positive semidefinite if and only if

α ≤ β + γ, β ≤ α+ γ, γ ≤ α+ β and α+ β + γ ≤ 2π, and positive definite if and only if these four
inequalities are strict.

Proof. The identity is a direct expansion of both sides. Assume the four inequalities and put
m = min(β + γ, 2π − β − γ) ∈ [0, π], so that cos(β + γ) = cosm and |β − γ| ≤ α ≤ m. Since cos is
strictly decreasing on [0, π], both factors are nonnegative, and both are positive exactly when the
four inequalities are strict. The 2 × 2 principal minors are sin2 ≥ 0, so C is positive semidefinite,
and positive definite exactly when detC > 0. Conversely, a positive semidefinite C is the Gram
matrix of unit vectors v1, v2, v3 with these angles; the triangle inequality for angles gives the first
three inequalities, and applied to v1,−v3, v2 it gives γ ≤ (π − β) + (π − α).

For a correlation matrix C and h > 0 let ΠC(h) = PC(at least two of η1, η2, η3 exceed h) for
η ∼ N(0, C), and let Ceq be the correlation matrix of U∗ (all off-diagonal entries −1

2). The map
C 7→ ΠC(h) is continuous on the set of all correlation matrices, by weak convergence and because
the boundary of the event is null.

Lemma 5.9 (two exceedances). For every 3 × 3 correlation matrix C and every h > 0, ΠC(h) ≥
ΠCeq(h).

Proof. By continuity and (1 − ξ)C + ξI → C, we may assume that C is positive definite.
The water-filling path. Write Cij = cos θij with θij ∈ [0, π]; by Lemma 5.8 the four inequalities

hold strictly. For s ≥ 0 let θij(s) = max(θij , s) and Σ(s) = ∑
i<j θij(s), which is continuous and

nondecreasing with Σ(0) < 2π ≤ Σ(2π
3 ). Let s∗ ∈ (0, 2π

3 ] be the smallest s with Σ(s) = 2π, and C(s)
the matrix with entries cos θij(s). For s < s∗, C(s) is positive definite: Σ(s) < 2π, and a triangle
inequality θij(s) < θik(s) + θjk(s) follows from the original one if θij(s) = θij , and otherwise from
s < 2s. By continuity C(s∗) is positive semidefinite with angle sum 2π.

Monotonicity. On each interval between the breakpoints θij the set of moving pairs, those
with θij < s, is fixed, and they have Cij(s) = cos s. By inclusion and exclusion, ΠC(h) =
P12 + P13 + P23 − 2P123, with Pij = P(ηi > h, ηj > h) and P123 = P(η1, η2, η3 > h). Since Pik, Pjk

do not depend on Cij , Lemma 2.4 gives, for each pair {i, j} with third index k,

∂ΠC(s)(h)
∂Cij

= φ2(h, h;Cij(s))
(
1 − 2PC(s)

(
ηk > h

∣∣ ηi = ηj = h
))
.

For a moving pair, Cik(s), Cjk(s) ≤ Cij(s) = cos s and cos s ≥ −1
2 , so by (2.1) the conditional mean

is at most h · 2Cij(s)/(1 + Cij(s)) ≤ h, and the conditional probability is at most 1
2 . So every such

partial derivative is nonnegative, and d
dsΠC(s)(h) = − sin s∑

moving ∂Π/∂Cij ≤ 0. By continuity,
ΠC(h) ≥ ΠC(s∗)(h).

The planar endpoint. With angle sum 2π, detC(s∗) = 0, so C(s∗) is the Gram matrix of three
unit vectors in R2. The three circular gaps gk between consecutive directions sum to 2π, and since
the angles θij(s∗) also sum to 2π and θij ≤ gk for the gap gk between vi and vj not containing vk,
equality holds and every gk ≤ π. Write the planar standard Gaussian vector as ϱ(cosω, sinω) with ω
uniform. Given ϱ > h, the projection on vi exceeds h exactly when ω is within λ = arccos(h/ϱ) < π

2
of the direction of vi. No point lies in all three arcs, since the complementary gap would exceed π,
and two arcs separated by the gap gk overlap in length (2λ− gk)+. Therefore

ΠC(s∗)(h) = E
[
1{ϱ > h} 1

2π

3∑
k=1

(
2λ(ϱ) − gk

)
+

]
≥ E

[
1{ϱ > h} 3

2π
(
2λ(ϱ) − 2π

3
)

+

]
= ΠCeq(h)
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by Jensen’s inequality for the convex function g 7→ (2λ − g)+, since the configuration of U∗ has
three equal gaps 2π

3 .

Proof of Lemma 5.7. Reduction to d = 3. If d < 3, add coordinates Yj = rY0 + srηj with fresh
independent standard normal ηj ; the first event can only grow, and the second term is nonnegative.

The functional. Let d = 3 and N = #{i : Yi > 0}. By sign symmetry, P(Y0 > 0, Yi ≤ 0 ∀i) =
P(Y0 ≤ 0, N = 3). Since ⌈N/2⌉ = 1{N ≥ 1} + 1{N = 3}, the left side of the lemma equals
Ψ = E

[
1{Y0 ≤ 0}⌈N/2⌉

]
.

Coupling. Put ai = Corr(Y0, Yi) ≥ r and si =
√

1 − a2
i ; for si > 0 let ηi = (Yi − aiY0)/si, and

for si = 0 an auxiliary independent standard normal variable. Then η is a centered Gaussian
vector with unit variances, independent of Y0; let C be its correlation matrix. On {Y0 < 0}, if
si = 0 then Yi = Y0 < 0, and if si > 0 then Yi > 0 if and only if ηi > |Y0|ai/si ≥ |Y0|r/sr, as
a 7→ a/

√
1 − a2 is increasing. Hence N ≤ Nh := #{i : ηi > h} with h = h(Y0) = r|Y0|/sr. Since

⌈n/2⌉ is nondecreasing and equals n− 1{n ≥ 2} on {0, 1, 2, 3}, independence gives

Ψ ≤
∫ 0

−∞
φ(z)

(
3Φ

(
−h(z)

)
− ΠC

(
h(z)

))
dz ≤

∫ 0

−∞
φ(z)

(
3Φ

(
−h(z)

)
− ΠCeq

(
h(z)

))
dz,

the second step by Lemma 5.9.
The ideal value. For the ideal star the coupling is an identity: its residuals are U∗ and its

incident correlations are r. So the right side equals Ψ for the ideal star, which is P(Y ∗
0 ≤ 0 <

maxi Y
∗

i ) + P(Y ∗
0 ≤ 0 < mini Y

∗
i ). The second probability is 0 by (5.3), and by sign symmetry the

first equals P(Y ∗
0 ≥ 0, mini Y

∗
i ≤ 0) = f3,r(0) = κ(r) by Lemma 5.4.

5.5 Concentration and the proof of Theorem 5.1

Proof of Theorem 5.1. It suffices to show that for every ε > 0 there is N(ε) such that every graph
G with ∆(G) ≤ 3 and n ≥ N(ε) vertices satisfies pw(G) ≤ (c3 + ε)n: then the maximum ρ(n) of
max(0,pw(G) − c3n) over such graphs on n vertices is o(n).

Fix ε > 0. Choose an integer R ≥ 2 with κ(rR) ≤ c3 + ε
3 , an integer K0 ≥ 1 with φ(0)/K0 ≤ ε

3 ,
and the grid τj = −2 + j/K0 for 0 ≤ j ≤ 4K0, which contains τ2K0 = 0. Consider the following
8K0 + 4 counts, each a sum over v of indicators determined, by (L3), by (Zw)w∈BR+1(v): |∂−Sτj | for
j < 2K0; |∂+Sτj | for 2K0 < j ≤ 4K0; L0 and L′

0 (with indicators 1{v ∈ U} + 1{v ∈ D ∩W} and
1{v ∈ W} + 1{v ∈ D ∩ U}, each at most 1); the window counts Mj = #{v : τj < Yv ≤ τj+1}; and
#{v : Yv ≤ −2} and #{v : Yv > 2}.

Means. Fix v with neighbors x1, . . . , xd. By (L1), (Yv, Yx1 , . . . , Yxd
) and its negative satisfy

the hypotheses of Proposition 5.6 and Lemma 5.7 with r = rR. The event v ∈ ∂+Sτ for τ > 0 is
contained in the event of Proposition 5.6 at τ , and the event v ∈ ∂−Sτ for τ < 0 in that event for the
negated vector at −τ . Up to null events, the indicators of L0 and L′

0 are the events of Lemma 5.7
for the vector and for its negative. So every inner or outer grid count and both L0 and L′

0 have
mean at most κ(rR)n, every Mj has mean at most φ(0)n/K0, and the two tail counts have mean
Φ(−2)n < 0.023n.

Concentration. Choose N(ε) so that for n ≥ N(ε), (8K0 + 4) 9R+1 < 2n1/2, 2n3/4 ≤ ε
3n,

n3/4 + 1 ≤ ε
3n and 0.023n + n3/4 ≤ c3n. The first condition is that of Lemma 2.11 with ∆ = 3,

ϱ = R + 1 and λ = n3/4, so some realization has pairwise distinct labels and every count within
n3/4 of its mean; fix it.

All thresholds. Let w = (c3 + ε)n. For t ∈ [−2, 0) with t ∈ [τj , τj+1), Lemma 2.10(i) gives
|∂−St| ≤ |∂−Sτj | + Mj ≤ κ(rR)n + φ(0)

K0
n + 2n3/4 ≤ w. For t ∈ (0, 2) the same computation with
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the outer count at τj+1 > 0 gives |∂+St| ≤ w. For t < −2 and t ≥ 2, Lemma 2.10(ii),(iii) give inner,
respectively outer, frontiers of size at most 0.023n+ n3/4 ≤ c3n ≤ w. Finally max(L0, L

′
0) + 1 ≤

κ(rR)n+ n3/4 + 1 ≤ w. So Lemma 5.3 gives pw(G) ≤ w.

The gain over the plain sweep is small, F3 − c3 ≈ 3.4 · 10−4, but the median switch replaces a
numerically enclosed maximum by a closed form, and its proof uses no computation. The value
c3 is exactly what the median-switched sweep gives on cubic graphs of large girth, so any further
improvement must change the rule at threshold zero (Section 9).

6 Mixed degrees and all graphs

6.1 Degrees 3 to 5: the charging certificate

With mixed labels, the lower bounds rd(v)d(u) of the star of v depend on the degrees of its neighbors.
So the center bound of Lemma 4.1 depends on the type T = (d; k3, k4, k5) of v, where d is its degree
and kj counts its neighbors of degree j; we write it CT (τ). There are 46 types for degrees 3 to
5. A vertex of degree 3 next to vertices of higher degree has weaker correlations than one in a
cubic region, and its bound exceeds the coefficient a3 that we aim for. We move the excess along
the edges: a vertex of degree i sends an amount tij along each edge to a neighbor of degree j > i.
These transfers sum to zero over the graph, since each edge contributes −tij at one end and +tij
at the other. Coefficients (a3, a4, a5) are admissible if for every τ ∈ [−3, 3] some transfer vector
(t34, t35, t45) brings CT (τ) plus the transfers of every type below the coefficient of its degree; then
E|∂+Sτ | ≤

∑
d adnd + o(n) at every threshold. (Beyond |τ | = 3 the frontier probabilities are below

5Φ(−3) < 0.007.)

Proposition 6.1 (certified admissibility). Each of the triples

P = (F3, 0.2575, 0.3667), R = (0.1455, 0.2530, 0.3600), S =
( 5

32 ,
1
4 ,

11
32

)
is admissible.

The proof is computer-assisted. The interval [−3, 3] of thresholds is partitioned into cells; each
cell has one transfer vector and, for every type, a rational lower bound on a Riemann sum of the
integral in CT (τ), in which Pmin is replaced by an explicit lower bound: a truncation of the simplex
bound or, for the seven types of degree 3 with unequal lower bounds, the larger of this and an
arc bound. All values are enclosures in Arb ball arithmetic [45], rounded outward, and a separate
program rechecks the final inequalities in exact rational arithmetic with positive slack [34]. With
concentration as in Theorem 4.4, and the reductions of Section 2.4 for vertices of degree at most 2,
this gives:

Theorem 6.2 (maximum degree 4 and 5). Every graph G with ∆(G) ≤ 5 satisfies pw(G) ≤
a3n3 + a4n4 + a5n5 + o(n) for each of the triples P,R, S. In particular, every graph with ∆(G) ≤ 4
satisfies pw(G) ≤ F3n3 + 0.2575n4 + o(n) and pw(G) ≤ 5

32n3 + 1
4n4 + o(n).

The triple P is best when few vertices have degree 4 or 5, and S when many do. The median
switch also combines with mixed labels:

Theorem 6.3 (switched sweep, maximum degree 4). Every graph G with ∆(G) ≤ 4 satisfies
pw(G) ≤ c3 n3 + 0.2627n4 + o(n).

17



The proof keeps the layout of Lemma 5.3, with the set D replaced by the vertices with at
least three neighbors on the other side of zero, and uses mixed labels with the charging above. At
threshold zero, stars with unequal correlation bounds need a switch lemma of their own, proved
with a computer-assisted certificate, and each vertex of degree 3 sends the same amount s ≈ 0.01308
to each neighbor of degree 4. At nonzero thresholds, a vertex of degree 3 whose neighbors all have
degree 3 is bounded by c3 through Proposition 5.6, the other vertices by the star bounds of Section 4,
and the charging is certified as in Proposition 6.1, with c3 in place of F3 [34].

6.2 Pathwidth sequences and the bootstrap

A sequence a = (ad)d≥3 is a pathwidth sequence if there is a function ρ(n) = o(n) such that every
graph G satisfies pw(G) ≤

∑
d≥3 adnd + ρ(n). A finite tuple (a3, . . . , ak) stands for the sequence

that continues it with ad = 1 for d > k, which is what putting a vertex into every bag adds to the
width.

Theorem 6.4 (pathwidth sequences). Each of the following six tuples is a pathwidth sequence:
C = (c3), M = (c3, 0.2627), F = (F4, F4), S, P and R. So is the bootstrap (6.1) of each of them; the
bootstraps, rounded up, are the rows of Table 2.

For graphs of maximum degree at most k, the six tuples are Theorems 4.4, 5.1, 6.2 and 6.3.
The extension to all graphs is the following bootstrap. Let 0 ≤ b3 ≤ · · · ≤ bk and b2 := 0, and put
hd = bd − bd−1 and Hd = min3≤i≤d hi. The bootstrap defines, for d = k + 1, k + 2, . . . in turn,

bd := max
{1 + (d− 1) bd−1 −Hd−1

d
, 1 − dHd−1

}
. (6.1)

Lemma 6.5 (bootstrap). Let k ≥ 3 and 0 ≤ b3 ≤ · · · ≤ bk with bk + Hk ≤ 1, and suppose that
every graph J with δ(J) ≥ 3 and ∆(J) ≤ k satisfies pw(J) ≤

∑k
d=3 bdnd(J) + o(|V (J)|). Then the

bootstrap of (b3, . . . , bk) is a pathwidth sequence; it is nondecreasing, with all entries at most 1.

Proof sketch. No probability is involved. As in the work of Fomin, Gaspers, Saurabh and
Stepanov [28, Lemma 1] and of Edwards and McDermid [23, Theorem 3.2], we delete vertices of
maximum degree d > k one at a time, and reduce vertices of degree at most 2 after every deletion.
Putting a deleted vertex back into every bag adds at most one to the width, and we compare this
with the decrease of the potential ψ(G) = ∑

v bd(v). Deleting a vertex of degree d removes its own
term bd, and lowers each neighbor’s term by an increment hd′ ≥ Hd′ . By (6.1) the entries satisfy
1 − bd = (d− 1)Hd +Hd−1, so a deletion that has a neighbor of smaller degree lowers the potential
by at least 1; regular components are handled by a modified potential. The reductions cost O(logn)
in total (Section 2.4), and the remaining graph has maximum degree at most k.

Three things are new compared with the reduction theorem of Edwards and McDermid: the
seeds are arbitrary, with the running minimum Hd in place of their increment, so that a cubic
coefficient below 1

6 is admissible; the base is a per-degree bound for minimum degree 3 and maximum
degree k, not a bound for cubic graphs; and the reductions are accounted for once. The recurrence
also explains why a better cubic constant alone improves nothing at higher degrees: with k = 3
and b3 = c3 the second term wins, and b4 = 1 − 4c3 ≈ 0.4407 > 1

3 . This is why Theorem 1.3 is
bootstrapped from the base S of maximum degree 5.

Proof sketch of Theorem 1.3 and Corollary 1.4. The bootstrap of S satisfies the hypotheses of
Lemma 6.5 with k = 5, by Theorem 6.2. Its entries are 3d−4

32 up to degree 6, and from degree 7
on they satisfy the recurrence d bd = (d− 2) bd−1 + bd−2 + 1 of Edwards and McDermid. For the
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Table 2: The bootstraps of the sequences of Theorem 6.4, rounded up to four decimals; in the last
column, the bootstrap is bounded by a closed form. Entries in bold are the smallest of their column.
The bootstrap of C is entrywise at least row M and is omitted.

a3 a4 a5 a6 a7 a8 a9 a10 ad, d ≥ 11

M 0.1399 0.2627 0.3857 0.4676 0.5319 0.5824 0.6232 0.6568 1 − 3.77
d+1

F 0.2458 0.2458 1 1 1 1 1 1 1
P 0.1402 0.2575 0.3667 0.4541 0.5196 0.5715 0.6133 0.6478 1 − 3.87

d+1

R 0.1455 0.2530 0.3600 0.4489 0.5149 0.5673 0.6096 0.6444 1 − 3.91
d+1

S 5
32

1
4

11
32 0.4375 0.5045 0.5581 0.6012 0.6368 1 − 4

d+1

deficits ud = 1 − bd this recurrence has the conserved quantity d ud + ud−1, which keeps (d+ 1)ud in
a narrow interval and gives the closed forms of Theorem 1.3 as upper bounds [34]. For Corollary 1.4,
2ad/d ≤ 7

48 for every d ≥ 3, with equality only at d = 6, so ∑
d adnd ≤ 7

48
∑

d
d
2nd ≤ 7

48m.

7 Computing the decompositions
Theorem 1.5 is proved in the full version [34], for each case in two forms: a Las Vegas algorithm
in expected n1+o(1) bit operations and a deterministic one in n2+o(1), with O(n(n + m)) further
operations on integers of O(logn) bits in the bootstrap cases. The decomposition is output by the
indices of the first and the last bag of every vertex. Each algorithm computes discrete labels, sorts
the vertices by them and builds the layout of the case. Four ingredients bound the counts that
control the width.

(1) Exact local labels. The coefficients are rounded to rationals, and the Gaussian variables are
replaced by a finite rational distribution coupled with the standard normal distribution.

(2) Perturbation. In this coupling every per-vertex probability used above changes by o(1),
uniformly in the threshold.

(3) Uniform means. The grid refines as n grows, so the bounds on the expected frontier sizes are
needed uniformly in the threshold, with explicit error terms.

(4) Derandomization. The method of conditional expectations (Erdős and Selfridge [25]; Ragha-
van [63]), applied to the sum of the squared deviations of the counts, fixes the variables one at
a time. The locality radius grows only like 1

8 log2 log2 n, so every conditional expectation is a
sum of local terms, computable exactly in no(1) time.

The bootstrap cases run the deletion process of Lemma 6.5 and undo the reductions explicitly.
For maximum degree 3, 4 and 5 the same method computes, in deterministic time n2+o(1), linear
orderings of cutwidth at most c3n+ o(n), m

6 + o(n) and γ5m+ o(n), and bisections with at most as
many edges between their sides. The remainders o(n) of all our bounds become small compared
with n only for astronomically large n; the bounds, like the records they improve, are worst-case
asymptotic statements.
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8 Algorithmic applications
Part II of the full version [34] follows the new constants through the literature of exact algorithms.
The new bounds arise in three ways. Substitution: a dynamic program with cw+1 poly(n) steps over
a path decomposition of width W (G) + o(n) runs in time cW (G)+o(n) poly(n), and the decomposition
is computed by Theorem 1.5; this gives most rows, including, through Cut&Count, the rank-
based approach and algorithms over orderings of small cutwidth, those for connectivity problems.
Rerunning a measure-and-conquer analysis: in polynomial space, the widths enter Separate, Measure
and Conquer [39] through balanced separators of size cn, and the separator constant enters its
mathematical program. Moving a switch point: with coefficient 1

4 in place of 1
3 at degree 4, the

algorithm of Nederlof, van Rooij and van Dijk [58] for counting dominating sets can hand the sets
of size 4 to its dynamic program, which lowers its running time from 1.5002n to 1.4815n.

Table 3 lists every application, one line each. Polynomial factors are omitted and every exponent
carries an additive o(·) term; r is the domain size, n the number of variables or vertices, m the
number of constraints or edges, k the pattern size (for Co-Path Packing and k-Co-Path Set, the
number of deleted vertices or edges), and d̄ the average degree. “Previous” is the fastest bound that
we are aware of. Numerical bases are rounded up in the last printed digit. The new bounds for
feedback vertex sets, the connected and connectivity problems, cycles and paths, Co-Path Packing,
k-Co-Path Set and the directed problems are achieved by Monte Carlo algorithms with one-sided
error, except those marked det.

The Exponential Time Hypothesis. Two recent preprints, by OpenAI [59] and Anthropic [14],
claim to refute the Exponential Time Hypothesis [43] by a subexponential-time algorithm for
#3-SAT. Through the subexponential reduction families of Impagliazzo, Paturi and Zane [44] and
direct counting algorithms, they would supersede the seventeen bounds of the groups marked ‡ in
Table 3. As far as we know, the other problems lie outside this reach: they have real weights, a
global connectivity or acyclicity constraint, or running times nck in a pattern size k, and we know
of no SERF reduction from any of them to 3-SAT or #3-SAT.

Table 3: The algorithmic applications, one line each: problem and graph class, previous bound, new bound, and the
work behind the previous bound. Letters refer to the notes after the table; groups marked ‡ would be superseded if
the preprints [14,59] are correct.

Problem Previous New Previous work

Feedback vertex sets
Feedback Vertex Set, ∆ ≤ 4 1.443n 2n/3 < 1.2600n [20]f
Feedback Vertex Set, ∆ ≤ 4, det. 1.7117n 5F4n < 1.4853n [36]
Feedback Vertex Set, ∆ ≤ 5 1.61n 20.5121n < 1.4262n [20]f
Feedback Vertex Set, ∆ ≤ 6 1.6297n 37n/16 < 1.6172n [50]f
Connected FVS and otherse, ∆ ≤ 3 1.26n 4c3n < 1.2139n [20]f
Connected FVS and otherse, ∆ ≤ 4 1.588n 4F4n < 1.4060n [20]f
Connected FVS and otherse, ∆ ≤ 5 1.824n 411n/32 < 1.6105n [20]f

Domination
(#)Min. Weight Dominating Setc 1.5002n 1.4815n [58]a
(#)Min. Weight Dominating Set, ∆ ≤ 3 3n/6 < 1.2010n 3c3n < 1.1661n [31]
Connected Dominating Set, ∆ ≤ 3 1.26n 3c3n < 1.1661n [20]f
Connected Dominating Set, ∆ ≤ 4 1.588n 4F4n < 1.4060n [20]f
Connected Dominating Set, ∆ ≤ 5 1.8139n 411n/32 < 1.6105n [6]

Independence and vertex covers
(#)Max. Weight Indep. Set, ∆ ≤ 3 2n/6 < 1.1225n 2c3n < 1.1018n [31]
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Problem Previous New Previous work

(#)Max. Weight Indep. Set, ∆ ≤ 4 2n/3 < 1.2600n 2F4n < 1.1858n [28]
Connected Vertex Cover, ∆ ≤ 4 1.443n 2n/3 < 1.2600n [20]f
Connected Vertex Cover, ∆ ≤ 5 1.61n 20.5121n < 1.4262n [20]f

Max 2-CSP
Max (r, 2)-CSP, all instances r13m/75 < rm/5.769 r7m/48 < rm/6.857 [64]
Max (r, 2)-CSP, ∆ ≤ 3 rn/6 rc3n < r0.13983n [31]
Max (r, 2)-CSP, ∆ ≤ 4 rn/3, rm/6 rF4n, r

3F4
2+16F4

m [28], [64]
Max (r, 2)-CSPb, avg. degree d̄ ≥ 7 rn(1−3.5/(d̄+1)+O(d̄−3)) rn(1−3.964/(d̄+1)) [23]
Max (r, 2)-CSPb, avg. degree d̄ ≥ 11 rn(1−3.5/(d̄+1)+O(d̄−3)) rn(1−4/(d̄+1)) [23]

Patterns and packings
Counting k-edge subgraphsd n0.174k n(7/48)k < n0.1459k [17]
Counting k-paths, k-cyclesd n0.1704k n0.1459k [10]
Permutation Pattern Matching nk/4 2O(k)n(253/1215)k [5]
k-opt for TSP, general graphs n(1/4+εk)k n(253/1215+εk)k [18]
k-opt for TSP, bounded degree n(23/135+εk)k n(7/48+εk)k [11]
Co-Path Packing 2.9241k 2.8192k [52]
k-Co-Path Set 1.588k 1.5423k [67]

Cycles and paths
Hamiltonian Cycle, ∆ ≤ 3 1.1583n 1.1312n [19]f
Hamiltonian Cycle, ∆ ≤ 4 1.5058n 1.3416n [19]f,g
Hamiltonian Cycle, ∆ ≤ 5 1.6246n 1.5252n [8]f
Hamiltonian Cycle, avg. degree d 1.12dn 1.0937dn [49]
TSP, ∆ ≤ 3, det. 1.2128n 1.1757n [9]
TSP, ∆ ≤ 4, det. 1.6110n 1.4214n [9]g
TSP, ∆ ≤ 5, det. 1.8588n 1.6352n [9]g
TSP, ∆ ≤ 6, det. 1.9672n 1.8699n [7]
TSP, avg. degree d, det. 1.1321dn 1.1100dn [49]
Longest Path, ∆ ≤ 3 1.26n 1.1874n [20]f
Longest Path, ∆ ≤ 4 1.5875n 1.3523n [8]f
Longest Path, ∆ ≤ 5 1.6246n 1.5252n [8]f

Other connectivity problems
Steiner Tree, ∆ ≤ 3 1.201n 3c3n < 1.1661n [20]f
Steiner Tree, ∆ ≤ 4 1.3533n 3F4n < 1.3100n [30]
Max Internal Spanning Tree, ∆ ≤ 6 1.8423n 47n/16 < 1.8341n [8]f

Directed problems
Directed problemsh, ∆ ≤ 3 1.349n 6c3n < 1.2848n [20]f
Directed problemsh, ∆ ≤ 4 1.818n 6F4n < 1.5533n [20]f

Polynomial space
Max (r, 2)-CSP, all instances r9m/50 r0.17587m [39]
Max (r, 2)-CSP, ∆ ≤ 4 r7m/40 r0.16984m [39]
Max (r, 2)-CSP, cubic instances rn/5 r0.17935n [39]

Max 2-SAT, counting dominating sets and independent sets ‡
Max 2-SAT 2m/6.321 2m/6.857 [38]
#Dominating Set, all graphs 1.5002n 1.4815n [58]a
#Dominating Set (every size), ∆ ≤ 3 3n/6 < 1.2010n 3c3n < 1.1661n [31]
#Independent Sets, ∆ ≤ 3 2n/6 < 1.1225n 2c3n < 1.1018n [31]
#Independent Sets, all graphs 1.2330n 1.2287n [37]

Local problems on graphs of bounded degree (deterministic) ‡
Max k-Vertex Cover, ∆ ≤ 3 1.123n 2c3n < 1.1018n [15]
Min. Independent Dominating Set, ∆ ≤ 3 1.3351n 3c3n < 1.1661n [13]i
Min. Independent Dominating Set, ∆ ≤ 4 1.3351n 3F4n < 1.3100n [13]i
Upper Domination, ∆ ≤ 3 1.3481n 6c3n < 1.2848n [4]
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Problem Previous New Previous work

Edge Dominating Setj, ∆ ≤ 3 3n/6 < 1.2010n 3c3n < 1.1661n [31]
Odd Cycle Transversal, ∆ ≤ 4 3n/3 < 1.4423n 2n/3 < 1.2600n [28]
Odd Cycle Transversal, ∆ ≤ 5 313n/30 < 1.6098n 20.5121n < 1.4262n [28]

Polynomial space ‡
#Dominating Sets of each size, ∆ ≤ 3 1.2458n 1.2178n [39]
#Independent Sets, ∆ ≤ 3 1.1389n 1.1304n [37]k
#Independent Sets, ∆ ≤ 4 1.2070n 1.2037n [37]
#Independent Sets, all graphs 1.2356n 1.2341n [37]
Chromatic Number 2.2356n 2.2341n [37]

Notes to Table 3. A letter after a citation concerns the previous bound, and a letter after a problem concerns the
whole row. a A gap in the analysis of this algorithm allowed us only to reconstruct a running time of O(1.5004n) [34].
b A record only for moderate d̄; for large d̄, the algorithms of Williams [69], for integer scores of polynomial size, and
of Golovnev and Kutzkov [41], for Boolean domains, are faster. c When the set of possible weight sums has polynomial
size, as in [58, Cor. 32] (minimum weight) and [68, Cor. 8.14] (counting). d Both bounds carry a further factor kO(k).
e Connected Feedback Vertex Set, Connected Odd Cycle Transversal, Exact k-Leaf Spanning Tree, Maximum Full
Degree Spanning Tree, Graph Metric Traveling Salesperson, and undirected Min Cycle Cover and Longest Cycle;
Maximum Leaf Spanning Tree also has the bounds of Connected Dominating Set. f By a Monte Carlo algorithm.
g The cited algorithm, run with the pathwidth bounds of [28], and for TSP with ω ≤ 9

4 . h The directed versions of
Min Cycle Cover, Longest Path and Longest Cycle, and Exact k-Leaf Outbranching; ∆ is the maximum degree of the
underlying undirected graph. i A bound for all graphs. j Also Minimum Maximal Matching. k The previous analysis
has open points; the new bound includes the necessary corrections [34]. The bounds for TSP, previous and new, are
evaluated with the matrix multiplication exponent ω ≤ 9

4 [1, 60].

9 Conclusion and open problems
We replaced the bisection behind the bound n

6 + o(n) of Fomin and Høie [31] by a threshold sweep
through correlated Gaussian labels. Comparing each star with an ideal star, and switching from
inner to outer frontiers at the median, brought the bound down to c3n+ o(n); a charging scheme
certified by computer and a bootstrap to large degrees extended the method to all graphs. This
solves the open problem of van Rooij [68, Open Problem 14.2].

The constant for maximum degree 3. The smallest constant c such that every graph of
maximum degree 3 has pathwidth at most cn+o(n) lies in [0.1032, c3], and the lower end comes from
random cubic graphs [51]. Since c3 is exactly what the median-switched sweep gives on cubic graphs
of large girth, an improvement must change the rule at threshold zero, for instance by letting a
vertex above the threshold carry the crossing edges of all lower neighbors whose only upper neighbor
it is. On the ideal wave, the limit of our labels on cubic graphs of large girth, this rule saves 3pch
per vertex at threshold zero, where pch = 0.00252477819777 . . . (certified in interval arithmetic) is
the probability that two children of the root both have the root as their only neighbor above zero.

Conjecture 9.1 (ideal-wave bound). Every cubic graph G satisfies pw(G) ≤ (c3 − 3pch)n+ o(n),
where c3 − 3pch = 0.13224778941 . . ..

Maximum degree 4, degree 6 and treewidth. For maximum degree 4 the ideal 4-star function
has value 0.2423 at threshold zero, below F4 ≈ 0.2458; is there a rule at threshold zero whose
width bound on 4-regular graphs approaches 0.2423n? Our median switch, analyzed star by star,
cannot. For degrees 6 and more all our coefficients come from the bootstrap, and a better coefficient
at degree 6 alone would lower the bound 7

48m per edge. Finally, is the worst-case coefficient of
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treewidth smaller than that of pathwidth for any of these classes? The Gaussian sweep has given us
no gain specific to treewidth at leading order.
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