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Abstract

Monotone Local Search turns an algorithm that extends a given partial solution into an
algorithm that finds a solution from scratch: sample a few elements, hope that they lie
in an unknown solution, and complete them. Its known analyses bound every call of the
extension algorithm by a worst-case time that depends only on the number of sampled
elements, and Esmer, Kulik, Marx, Neuen and Sharma (SODA 2024) showed that no
algorithm that uses the extension algorithm only as a black box with this worst-case
running time beats the original form by more than a polynomial factor. We let the
running time of the extension algorithm depend on the actual sample. If it decides in
time O∗(2g(I,X,k)), for a polynomial-time computable g, whether a sample X can be
completed to a solution with at most k elements, our main theorem gives a randomized
algorithm with one-sided error in time O∗(2ψn) that accepts with probability at least
1/2 whenever, for some solution S of size k in a universe of n elements and some t, the
exponential moment

∑
X⊆S,|X|=t 2−g(I,X,k) is at least 2−ψn(n

t

)
. A corollary, multivariate

Monotone Local Search, generalizes the theorems of Fomin, Gaspers, Lokshtanov and
Saurabh (STOC 2016 & J. ACM 2019) and of Gaspers and Lee (ICALP 2017).

For Max Leaf Spanning Tree and, equivalently, Connected Dominating Set,
the previous fastest known algorithms run in time O∗(1.8619n) in polynomial space and
O∗(1.8139n) in exponential space. Completing a sample is a Steiner tree problem, solved
in time exponential in the number of terminals, which varies strongly with the sam-
ple. We obtain a randomized polynomial-space algorithm with one-sided error in time
O(1.6991n) and a deterministic polynomial-space algorithm in time (

√
5 − 1

2)n2o(n) =
O(1.7361n). For connectivity problems in which the running time of the extension algo-
rithm doubles with every component of the sample, an analysis through a partition func-
tion gives randomized polynomial-space algorithms in time O∗(1.8n) for Connected
Feedback Vertex Set and O(1.6444n) for Connected Vertex Cover, both also
with vertex weights.

Companion site (full version, ancillary programs and certificates, Lean formalization):
https://serggasp.github.io/sample-MLS-site/

1 Introduction
Many exact exponential-time algorithms [22] solve a subset problem: given an instance whose
solutions are subsets of a universe of n elements, find a solution of a given size k. We write O∗(f(n))
for f(n) times a factor polynomial in the input length. When the decimal base of our running times
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is rounded up from a strictly smaller constant, the big-O notation absorbs the polynomial factor,
so we write O(1.7204n) rather than O∗(1.7204n).

Monotone Local Search [18] beats 2n whenever the extension version of the subset problem is
solved in time O∗(ck−t), for any constant c. In the extension version, a size-t part of the solution is
given and the question is whether the part can be completed to a full solution of size k. Monotone
Local Search draws a random set X of t elements, hopes that it lies inside an unknown solution S,
and asks an extension algorithm whether X can be completed by at most k− t further elements. If
the extension algorithm runs in time O∗(ck−t), the resulting algorithm runs in time O∗((2 − 1/c)n).
Gaspers and Lee [27] allowed a further factor bn−t in the running time of the extension algorithm,
giving running time O∗((b + 1 − 1/c)n). We show that an extension algorithm with running time
O∗(bn−tck−tdt), for constants b, c, d ≥ 1 with d ≤ bc, gives the multivariate bound O∗((b+d−d/c)n)
(Corollary 3.3). In all these versions the running-time bound of the extension algorithm depends
only on n, t and k: every sample of a given size is charged the same, worst-case, running time.

As long as the extension algorithm is used only through such a worst-case running time, these
bounds cannot be improved: Esmer, Kulik, Marx, Neuen and Sharma [15] show that every ran-
domized algorithm whose only problem-specific access is a polynomial-time feasibility test and
an extension algorithm with running time O∗(ck−|X|) takes time at least (2 − 1/c)n divided by a
polynomial in n, and remark that the same technique shows the bound of Gaspers and Lee to be
optimal.

This paper lets the running time of the extension algorithm depend on the sample. Our main
theorem (Theorem 2.5) applies to every extension algorithm that, given (I,X, k), decides whether
some set of at most k − |X| further elements completes X to a solution, in time O∗(2g(I,X,k)),
for some running-time exponent g that is computable in polynomial time before the extension
algorithm is called (Definition 2.2). For a solution S of size k and a sample size t, the exponential
moment of S is

µt(S) =
∑

X∈(S
t)

2−g(I,X,k).

The theorem requires one solution S whose exponential moment, for some t, is large compared with
the number

(n
t

)
of possible samples.

Theorem 1.1 (informal version of Theorem 2.5). Suppose that the extension algorithm runs in
time O∗(2g(I,X,k)) for a running-time exponent g that is computable in polynomial time, and let
ψ ≥ 0 be a rational constant. There is a randomized algorithm that, given I and k, runs in time
O∗(2ψn), and in polynomial space if the extension algorithm uses polynomial space; it rejects if I
has no solution of size at most k, and it accepts with probability at least 1/2 if some solution S of
size k satisfies µt(S) ≥

(n
t

)
2−ψn for some t.

Theorem 1.1 follows from Theorem 2.5 with Γ = κ = 1. The algorithm tries every sample size
and every integer threshold θ, and for each pair it draws about 2ψn−θ samples and calls the extension
algorithm only on those with g(I,X, k) ≤ θ; it never needs to know which sample size or threshold
is the right one. Unlike restart and cutoff strategies for Las Vegas algorithms (Section 1.3), the
running-time exponent is computed before the extension call, so a sample above the threshold is
skipped at polynomial cost, and it depends on the structure of the sample, not only on its size.

Using the exponential moment instead of the mean of g can gain an exponential factor. If
half of the t-subsets of S have running-time exponent n/4 and the other half have exponent 3n/4,
then the worst case charges running time 23n/4 for a sample in S and the mean charges 2n/2,
whereas the exponential moment charges at most 2n/4+1, so the faster half determines it. In general
Jensen’s inequality shows that the exponential moment never certifies a larger running time than
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the mean. Within the class of algorithms that sample uniformly, threshold on g and are charged
2θ for a call at threshold θ, exponential moments measure, up to polynomial factors, exactly what
thresholded sampling can use (Section 2.4), and in a black-box model the theorem cannot in general
be derandomized without exponential loss (Section 4.5). These optimality statements are limited
to the models in which they are proved; they are not lower bounds against other algorithms for the
problems themselves. Lemma 2.7 collects the moments of all sample sizes in one generating function
WS(y) = ∑

t µt(S) yt = ∑
X⊆S y

|X|2−g(I,X,k): up to a polynomial factor, the smallest running time
2ψn for which the theorem applies to a solution S is infy≥0(1+y)n/WS(y). The theorem extends to
randomized trials, such as extension algorithms with one-sided error and samples to which random
vertices are added (Theorem 2.9 and Corollary 2.10).

This version. This is a short version of the paper. It states all main results, proves the main
theorem, its generating-function form and its general form for budgeted trials, the mean-exponent
and multivariate corollaries, the mean bound and the tree reduction for Connected Dominating
Set, the partition-function bound for component-count running times and the bound 1.8n for
Connected Feedback Vertex Set given its extension algorithm; it describes the other proofs
and keeps the applications short. All omitted proofs are in the full version [25]; the programs that
check the computer certificates and the Lean development are on the companion site [26].

1.1 Why sample-dependent running times

The motivating example is Max Leaf Spanning Tree (MaxLeaf): given a connected graph G,
find a spanning tree with as many leaves as possible. For n ≥ 3, the maximum number of leaves is
n− γc(G), where γc(G) is the minimum size of a connected dominating set, and optimal solutions
of MaxLeaf and of Connected Dominating Set translate into each other in polynomial time
(Lemma 4.1). Table 1 lists the previous bounds for the two problems together with ours; the fastest
previously published polynomial-space bound, 1.8619n, dates from 2011, setting aside a claimed
k-leaf algorithm that is deemed incorrect (Section 1.3).

Completing a sampled set X to a connected dominating set is a Steiner tree problem, as in the
algorithm of Abu-Khzam, Mouawad and Liedloff [2]: the terminals are the vertices that X does
not dominate and the components of G[X]. Inclusion–exclusion over branching walks [37] solves it
in time 2|T(JX)|nO(1) and polynomial space through a directed Steiner encoding, where JX is the
residual instance left by X (Section 4.1). Denoting the closed neighborhood of X by N [X] and the
number of connected components of G[X] by comp(G[X]), the number of terminals is

|T(JX)| = n− |N [X]| + comp(G[X])

by Corollary 4.4. This running time depends on the sample, and a single sampled vertex can be
worthless: if its closed neighborhood is already dominated and it touches exactly one component
of G[X], adding it to X leaves the number of terminals unchanged. Accounting that charges every
sample of a given size its worst case therefore credits sampling with nothing. Sampling leaves of the
spanning tree instead meets another obstacle: the extension problem of MaxLeaf parameterized by
the number ℓ′ of additional leaves is W[1]-hard (the full version [25]), so it has no algorithm with
running time O∗(cℓ′) for a constant c unless FPT = W[1].

An average sample, by contrast, is valuable. If S is a connected dominating set of size s = σn
and X is a uniform t-subset of S with t ≥ 1, then

E |T(JX)| ≤ n− 1 − t(n− 2)
s
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by Lemma 4.7: a sampled vertex removes on average about 1/σ terminals, which divides the running
time of the extension algorithm by about 21/σ, while the requirement that it lie in S lowers the
success probability only by a factor of about 1/σ. As 21/σ > 1/σ, an average sampled vertex pays
for itself, and sample-dependent running times turn this average gain into a faster algorithm.

1.2 Our results

Corollaries. A bound λ on the mean of g over the t-subsets of every solution gives running
time O∗((n

t

)(k
t

)−12λ
)

(Theorem 3.1 and Corollary 3.2). For running times of product form
bn−|X|ck−|X|d|X| the main theorem gives the multivariate bound

(
b + min(d, bc)(1 − 1/c)

)n for all
b, c, d ≥ 1, and hence the theorems of [18] (b = d = 1) and [27] (d = 1); conversely, the main
theorem certifies nothing better for such running times (Corollary 3.3). Every gain in this paper
therefore comes from the dependence of the running time on the samples.

Max Leaf Spanning Tree and Connected Dominating Set. All four algorithms complete a
sample with the Steiner tree algorithm described above and use polynomial space. The randomized
ones have one-sided error: they never output a value below γc(G), and they output γc(G) with
constant probability.

Theorem 1.2 (Theorems 4.12 and 4.14). Max Leaf Spanning Tree and Connected Domi-
nating Set can be solved in polynomial space by a randomized algorithm with one-sided error in
time O(1.6991n), and by a deterministic algorithm in time (

√
5 − 1

2)n2o(n) = O(1.7361n).

• Algorithm RS uses only the mean number of terminals of a sample (Lemma 4.7), through the
linear-savings corollary, and runs in time O(1.7449n) (Theorem 4.8).

• Algorithm RS-θ is the same algorithm run with a smaller target running time 2ψn; the im-
provement lies in the analysis, which bounds the generating function of a potential that is
local along a spanning tree of the solution by a three-state recursion and a convex region
that the merge rule maps into itself. This gives O(1.7204n) (Theorem 4.9); on the uniform
(2, 2)-lobsters the algorithm needs time Ω(1.7192n).

• Algorithm RSC adds closure sampling: every vertex with at least two sampled neighbors is
added to the sample independently, with probability 0.07 if it has exactly two and 0.077 if
it has more. In the tight case of the mean bound the solution induces a star, and its center
is the only vertex that can have two or more sampled neighbors. The budgeted form of the
main theorem applies to these random trials and gives O(1.6991n) (Theorem 4.12).

• In a black-box model, deterministic algorithms cannot in general match the randomized ones:
on the instances that satisfy the mean bounds of Connected Dominating Set at solution
size n/2, every deterministic black-box algorithm has cost at least 1.7547n/poly(n), against√

3n poly(n) for the randomized algorithm (Section 4.5). But the number of Steiner terminals
is at most an affine function of the sample with nonnegative integer weights, and balanced
set-inclusion families derandomize the exponential moments of such integer affine certificates
(Section 4.5).
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Bound Type Space Year Source Method

1.9407n deterministic polynomial 2008 [19] measure and conquer
1.8966n deterministic polynomial 2011 [17] measure and conquer
1.8962n deterministic polynomial 2014 [6] measure and conquer
1.8619n deterministic polynomial 2011 [2] branching, Steiner tree
1.8139n deterministic exponential 2012 [5] algorithm for digraphs

1.7449n randomized polynomial Theorem 4.8 mean number of terminals
1.7361n deterministic polynomial Theorem 4.14 affine certificate
1.7204n randomized polynomial Theorem 4.9 exponential moments
1.6991n randomized polynomial Theorem 4.12 closure sampling

Table 1: Bounds for Connected Dominating Set and Max Leaf Spanning Tree on n-vertex
graphs. The 1.8139n algorithm is for digraphs and applies to G with each edge replaced by two
opposite arcs. Randomized algorithms have one-sided error. Our four bases rest on computations
checked in exact or ball arithmetic (Section 1.3).

Component-count running times. Our extension algorithm for Connected Feedback Ver-
tex Set is a Cut & Count algorithm, built on the O∗(3k) algorithm of Cygan et al. [12], that, given
a sample X, runs in time O∗(3k−|X|2comp(G[X])): its running time doubles with every component of
the sample, so its product form (b, c, d) = (1, 3, 2) gives nothing. A random subset of a connected
solution, however, has far fewer components than vertices once the sample is a sizeable part of the
solution. We bound WS from below by a partition function on a spanning tree of S (Corollary 5.4),
and a weighted form of a lower bound of Csikvári and Lin [9] on the number of homomorphisms
of a tree into a graph shows that, up to a constant factor, this partition function is smallest on
paths (Lemma 5.2). The main theorem then gives time O∗(1.8n) (Theorem 5.7), against the base-
line O(1.9526n) obtained by balancing O∗(3k) against enumeration; the analysis is tight for this
algorithm. More generally, for a constant c > 1 and a problem whose solutions induce connected
subgraphs, every extension algorithm with running time O∗(ck−|X|2comp(G[X])) gives running time
O∗(((4c − 3)/(2c − 1))n) (Corollary 5.5). The case c = 2, where a sharper analysis gives 1.6444
(Lemma 5.8), covers Connected Vertex Cover, with Cygan’s weighted O∗(2k) algorithm [10]
as the extension step, and Graph Motif (Theorem 5.9).

Theorem 1.3 (Theorems 5.7 and 5.9 and Section 5.3). (Weighted) Connected Feedback
Vertex Set and (Weighted) Connected Vertex Cover can be solved in polynomial space
by randomized algorithms with one-sided error in time O∗(1.8n) and O(1.6444n), respectively, for
vertex weights in {1, . . . , wmax} with wmax ≤ nO(1).

The analyses of Algorithm RS-θ and of the deterministic algorithm extend to the variants of
Connected Dominating Set in Table 2; similar finishing steps give the bounds for Directed
Steiner Tree and Paired Domination (Section 6).

1.3 Techniques and related work

Monotone Local Search. Esmer et al. [14, 16] developed approximate Monotone Local Search,
after Lee’s thesis [33] had applied Monotone Local Search with exact and approximate extension
algorithms to approximation, and showed it to be optimal in the extension-oracle model described
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Problem Previous New Type Source

Main applications of the component-count principle
Connected Feedback Vertex Set 1.9526n [12]∗ 1.8n rand. Thm. 5.7
Connected Vertex Cover 1.7088n [28] 1.6444n rand. Thm. 5.9

weighted 1.7088n [10]∗ 1.6444n rand. Thm. 5.9

Further consequences
Graph Motif 1.7088n [7]∗ 1.6444n rand. Thm. 5.9
Connected r-Dominating Set, r ≥ 2 1.8619n [2]† 1.7361n det. Section 6

1.7204n rand. Section 6
Connected Dominating Set, weighted 1.9896n [1]† 1.7361n det. Section 6

1.7204n rand. Section 6
Weakly Connected Dominating Set 1.8619n [2]† 1.7361n det. Section 6
Directed Max Leaf Spanning Tree 1.9044n [5] 1.7361n det. Section 6
Directed Steiner Tree 2n/2 (see Section 6) 1.3727n rand. Section 6
Paired Domination 1.7159n [4] 1.6302n rand. Section 6

Table 2: Component-count applications and further consequences, on n-vertex graphs. All bounds
in the table use polynomial space, and the randomized ones have one-sided error. Every new base
except 1.8 rests on a computation checked in exact or ball arithmetic (Section 1.3). Weighted
problems have polynomially bounded integer weights. ∗: baseline derived by balancing the cited
algorithm against enumeration. †: by a reduction to the cited algorithm (see the full version [25]).
Undirected Steiner Tree has the bound 1.3533n [21, Theorem 5].

above [15]. Esmer and Kulik [13] sample with a black box in which the number of correct samples
is random, but the running time of each call is fixed by the algorithm. Theorem 2.5 reads a sample-
dependent running-time exponent before the extension call, which is information outside the oracle
model of [15], so their lower bounds do not apply; for product-form running times it gives the
classical bound up to a polynomial factor, so it does not contradict them.

Restarts, cutoffs and generating functions. The probabilistic core of Theorem 2.5 has coun-
terparts in restart strategies with cutoffs for Las Vegas algorithms [35, 3, 42], in the Markov cutoff
of Zamir [45], and in the exponential moment of the number of guessed variables in the analysis of
Paturi et al. [38]. Generating functions were already used in Monotone Local Search for product-
form running times [18, 27]; our WS is a different series, the binomial series over the subsets of one
solution.

Certificates. We prove the lower bounds on WS for RS-θ and RSC by antinorm certificates in
a cumulative cone, adapting the method that Rote [41] introduced to count minimal dominating
sets in trees, generalized by Rosenfeld [40], from upper to lower bounds; antinorms in the sense of
Guglielmi and Protasov [29] take the place of norms. Measure-and-conquer analyses [20] bound the
number of leaves of a search tree from above; our certificates bound generating functions from below.
The certificates are found by computer and checked by programs in exact rational arithmetic, or in
ball arithmetic with outward rounding where logarithms, exponentials and square roots occur; the
two certificates of RS-θ are checked by three independent programs and the certificate of RSC by
two, and both RS-θ certificates and the reduction of the bound for RSC to the finite conditions of
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its certificate are also checked in Lean 4 [26]. The base 1.8 for Connected Feedback Vertex
Set has a proof without computation.

A caveat. Koutis and Williams [31] claimed a randomized O∗(2k) algorithm that decides whether
a graph has a spanning tree with at least k leaves; balanced against enumeration, it would give
randomized time O(1.7088n). This algorithm is deemed incorrect [6, footnote (i)], [46, footnote 1],
and the k-leaf application does not appear in the journal version [32]. We know of no repair; our
1.6991n is below 1.7088n in any case.

Derandomization. Esmer et al. [14, 16] generalize the set-inclusion families of [18] to set-
intersection families and to known weights; in their extension-oracle model a query costs cℓ for
an extension budget ℓ, whatever the sample, and deterministic and randomized running times
match up to a factor 2o(n) [15, 16]. Our black-box barrier (Section 4.5) uses the same planting idea
and shows that, for sample-dependent running times, the two do not match in general.

2 Monotone Local Search with sample-dependent running times

2.1 Setting

We write log for the logarithm to base 2 and ln for the natural logarithm. For a finite set S and an
integer t,

(S
t

)
is the family of t-element subsets of S. For a statement or event A, 1[A] is 1 if A holds

and 0 otherwise. We write 00 = 1 and 0 log 0 = 0. For x ∈ [0, 1], H(x) = −x log x−(1−x) log(1−x)
is the binary entropy, and for integers 0 ≤ j ≤ m,

2mH(j/m)

m+ 1 ≤
(
m

j

)
≤ 2mH(j/m). (1)

Throughout the paper, O∗(f) denotes f ·NO(1), where N is the length of the input; decimal bases
are rounded up as explained in Section 1, and exact and parametric bases, such as 1.8n, are stated
with the O∗-notation. A randomized algorithm with one-sided error never answers yes on a no-
instance; its error probability is the probability of answering no on a yes-instance. We assume that
a randomized algorithm can draw a uniform integer from {1, . . . ,M} in time polynomial in logM .
For an optimization problem, an algorithm with one-sided error never outputs a value better than
the optimum, and outputs the optimum with the stated probability.

The framework is that of [18]: a problem is given by a polynomial-time membership test for its
solutions.

Definition 2.1 (Implicit set systems). An implicit set system Φ assigns to every instance I ∈ {0, 1}∗

a universe UI with n := |UI | ≤ N := |I| and a family FI ⊆ 2UI , such that UI can be listed and
membership in FI decided in time NO(1). The members of FI are the solutions of I.

• Φ-Subset: given I, decide whether FI ̸= ∅.

• Φ-Extension: given I, a set X ⊆ UI and an integer k ≥ 0, decide whether some Y ⊆ UI \X
with |Y | ≤ k − |X| satisfies X ∪ Y ∈ FI , that is, whether X lies in a solution with at most
k elements. For k < |X| the answer is no; the extension algorithms of this paper reject such
inputs in polynomial time, and their running-time bounds are stated for k ≥ |X|.

All theorems below are stated for the decision versions. If the extension algorithm returns a
witness Y when it accepts, the algorithms below return the solution X ∪ Y .

7



Definition 2.2 (Running-time exponent). Let A be an algorithm for Φ-Extension. A running-time
exponent for A is a function g from inputs (I,X, k) with k ≥ |X| to [0,∞) such that g(I,X, k) can
be computed in time NO(1) and A runs in time 2g(I,X,k)NO(1) on every such input (I,X, k).

The running-time bound must hold on every input, including samples X that are contained in
no solution. A product-form running-time exponent is g(I,X, k) = (n−|X|) log b+(k−|X|) log c+
|X| log d with constants b, c, d ≥ 1; it depends on X only through |X|, and it expresses the running-
time bound bn−|X|ck−|X|d|X|NO(1) of classical and multivariate Monotone Local Search. Once I
and a target size k are fixed, we write g(X) = g(I,X, k) for |X| ≤ k. The algorithms below
compare g(I,X, k) with thresholds that are integers or rationals of polynomial bit length, and such
a comparison is decided in time NO(1) for all running-time exponents of this paper; running-time
exponents that can only be approximated are rounded up by at most 1, which costs a factor 2 in
the moments below (see the full version [25]).

Definition 2.3 (Exponential moments and generating function). Fix an instance I, a running-time
exponent g, and a solution S ∈ FI with |S| = k. For 0 ≤ t ≤ k and real y ≥ 0 let

µt(S) =
∑

X∈(S
t)

2−g(I,X,k), WS(y) =
k∑
t=0

µt(S) yt =
∑
X⊆S

y|X| 2−g(I,X,k).

If X is drawn uniformly from
(UI
t

)
, then µt(S)/

(n
t

)
= E

[
1[X ⊆ S] 2−g(I,X,k)]: the normalized

moment is the expected value of 2−g on the event that the sample lies inside S. Every µt(S) is
positive, because g is finite, and µt(S) ≤

(k
t

)
, because g ≥ 0.

2.2 The algorithm and the main theorem

The algorithm monitors the running-time exponent g(I,X, k) of each sample X, which it computes
in polynomial time before deciding whether to call the extension algorithm. It works through all
pairs (t, θ) of a sample size t ∈ {0, . . . , k} and an integer threshold θ ≥ 0. A trial of the pair (t, θ)
draws a uniformly random t-set X. If g(I,X, k) ≤ θ, the trial runs A on (I,X, k), in time O∗(2θ);
otherwise it discards X in polynomial time. To balance fast and successful trials, the algorithm
gives every pair the same running-time budget O∗(2ψn), where 2ψn is the target running time:
the pair (t, θ) receives about 2ψn−θ trials, and thresholds above a cap Θ ≈ ψn are not used. The
rate ψ ≥ 0 is the exponent of the target running time, the loss factor Γ ≥ 1 weakens the success
condition (⋆) by a factor, typically polynomial, that an application may lose in its lower bound on
µt(S), and the confidence κ > 0 sets the error probability e−κ.

Algorithm 2.4 (MLS-θ(ψ,Γ, κ))

Input: an instance I of Φ and an integer k ≤ n.
Parameters: ψ, Γ, κ, an integer cap Θ ≥ 0 and integer trial counts mt,θ such that

x+ 1 ≤ Θ ≤ x+ 3, Mt,θ ≤ mt,θ ≤ 2Mt,θ + 1,
where x = ψn+ log Γ and Mt,θ = 4κΓ(Θ + 1) 2ψn−θ.

(2)

For every t ∈ {0, . . . , k} and every integer θ ∈ {0, . . . ,Θ}, repeat mt,θ times:

1. draw X uniformly from
(UI
t

)
and compute g(I,X, k);

2. if g(I,X, k) ≤ θ, run A on (I,X, k), and if it accepts, answer yes.
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After all trials, answer no.

When x and Mt,θ are rational, Θ = ⌈x⌉ + 1 and mt,θ = ⌈Mt,θ⌉ qualify; in general, integers in
these ranges are computable in time NO(1) from rational approximations.

Theorem 2.5 (Exponential-moment Monotone Local Search). Let Φ be an implicit set system and
let A solve Φ-Extension with running-time exponent g. Let ψ ≥ 0, Γ ≥ 1 and κ > 0 be numbers
that can be computed from (I, k) in time NO(1) and whose values are at most NO(1). With any cap
Θ and trial counts mt,θ satisfying (2), Algorithm MLS-θ(ψ,Γ, κ), given I and k ≤ n,

(i) runs in time 2ψnNO(1) and in space NO(1) plus the space of A;

(ii) answers no if FI contains no set of size at most k;

(iii) answers yes with probability at least 1 − e−κ if FI contains a set S with |S| = k that satisfies

max
0≤t≤k

µt(S)(n
t

) ≥ 2−ψn

Γ . (⋆)

Condition (⋆) holds in particular if WS(y) ≥ (1 + y)n 2−ψn/Γ for some y ≥ 0.

Running the algorithm for k = 0, 1, . . . , n decides Φ-Subset with one-sided error in time
NO(1) maxk 2ψ(I,k)n, provided every instance with FI ̸= ∅ has a solution S that satisfies (⋆) with
k = |S|. For optimization problems, the algorithms of later sections run it for k = 1, 2, . . . , n
and output the first accepted size, which is never below the optimum and is the optimum with
probability at least 1 − e−κ.

Proof overview. The proof has three steps. Running time: the trials of every pair (t, θ) take
time 2ψnNO(1), because there are about 2ψn−θ of them and each takes time at most 2θNO(1). A
good threshold exists below the cap: if µt(S) ≥

(n
t

)
2−ψn/Γ, some threshold θ ≤ Θ is passed by at

least 2θµt(S)/(4(Θ + 1)) sets X ∈
(S
t

)
. Success: a trial of that pair succeeds with probability at

least 2θ−ψn/(4Γ(Θ + 1)), and the number mt,θ of trials of the pair is at least κ divided by this
probability. The second step is the following lemma, stated for a general random variable so that
Section 2.5 can use it as well. We write 2−∞ = 0.

Lemma 2.6 (Threshold selection). Let ξ be a random variable with values in [0,∞] and Pr[ξ <
∞] > 0, so that E[2−ξ] > 0.

(a) If Θ ≥ 0 is an integer with 2−Θ ≤ E[2−ξ]/2, then some θ ∈ {0, . . . ,Θ} satisfies Pr[ξ ≤
θ] 2−θ ≥ E[2−ξ]/(4(Θ + 1)).

(b) Conversely, Pr[ξ ≤ θ] 2−θ ≤ E[2−ξ] for every integer θ.

Proof. (a) On the event ξ > Θ we have 2−ξ < 2−Θ, so E[2−ξ1[ξ > Θ]] ≤ 2−Θ ≤ E[2−ξ]/2 and
hence E[2−ξ1[ξ ≤ Θ]] ≥ E[2−ξ]/2. On the event ξ ≤ Θ put θξ = ⌈ξ⌉; then θξ ∈ {0, . . . ,Θ}, because
0 ≤ ξ ≤ Θ and Θ is an integer. Moreover 2−ξ < 21−θξ and {θξ = θ} ⊆ {ξ ≤ θ}. Hence

E[2−ξ]
2 ≤

Θ∑
θ=0

21−θ Pr[ξ ≤ Θ, θξ = θ] ≤ 2
Θ∑
θ=0

2−θ Pr[ξ ≤ θ] ≤ 2(Θ + 1) max
0≤θ≤Θ

2−θ Pr[ξ ≤ θ].

(b) E[2−ξ] ≥ E[2−ξ1[ξ ≤ θ]] ≥ 2−θ Pr[ξ ≤ θ].
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Proof of Theorem 2.5. Throughout, a trial of the pair (t, θ) is one execution of steps 1 and 2 of
Algorithm MLS-θ with these values.

(ii) Soundness. If A accepts (I,X, k), then X ∪ Y ∈ FI for some Y ⊆ UI \X with |Y | ≤ k − t,
and this set has size at most t+ (k − t) = k.

(i) Time and space. Drawing X, computing g(I,X, k) and comparing it with θ take time NO(1).
If A is run, then g(I,X, k) ≤ θ, so the trial takes time 2g(I,X,k)NO(1) ≤ 2θNO(1). The trials of a
pair (t, θ) therefore take time at most

mt,θ2θ+1NO(1) ≤
(
2Mt,θ + 1

)
2θ+1NO(1) ≤

(
16κΓ(Θ + 1)2ψn + 2Θ+1)NO(1),

and Θ ≤ ψn+ log Γ + 3 gives 2Θ ≤ 8Γ2ψn. There are (k+ 1)(Θ + 1) pairs. Since κ, Γ and ψ are at
most NO(1) and n ≤ N , also Θ + 1 ≤ NO(1), and the total time is 2ψnNO(1). Besides the space of
A, the algorithm stores one sample, the current pair and a trial counter of O(Θ + log(κΓ)) bits.

(iii) Success probability. Let S ∈ FI with |S| = k satisfy (⋆), and fix t with µt(S) ≥
(n
t

)
2−ψn/Γ.

Let X be uniform in
(UI
t

)
, and put ξ = g(I,X, k) if X ⊆ S and ξ = ∞ otherwise. Then E[2−ξ] =

µt(S)/
(n
t

)
> 0, and for an integer θ, Pr[ξ ≤ θ] = qθ/

(n
t

)
, where qθ is the number of X ∈

(S
t

)
with g(I,X, k) ≤ θ. The hypothesis of Lemma 2.6(a) holds, because Θ ≥ ψn + log Γ + 1 gives
2−Θ ≤ 2−ψn/(2Γ) ≤ µt(S)/(2

(n
t

)
). So some θ ∈ {0, . . . ,Θ} satisfies

p := qθ(n
t

) = Pr[ξ ≤ θ] ≥ 2θµt(S)
4(Θ + 1)

(n
t

) ≥ 2θ−ψn

4Γ(Θ + 1) .

A trial of the pair (t, θ) draws an X ∈
(S
t

)
with g(I,X, k) ≤ θ with probability p. Then A is run

on (I,X, k), and it accepts, because Y = S \ X satisfies |Y | = k − t and X ∪ Y = S ∈ FI . The
mt,θ ≥ Mt,θ = 4κΓ(Θ + 1)2ψn−θ ≥ κ/p trials of this pair are independent, so all of them fail with
probability at most (1 − p)mt,θ ≤ e−pmt,θ ≤ e−κ.

The generating-function condition. For y ≥ 0,

WS(y) =
k∑
t=0

(
n

t

)
yt
µt(S)(n

t

) ≤ max
t

µt(S)(n
t

) n∑
t=0

(
n

t

)
yt = max

t

µt(S)(n
t

) (1 + y)n,

so WS(y) ≥ (1 + y)n2−ψn/Γ implies (⋆).

2.3 The generating function

Condition (⋆) involves a maximum over sample sizes. The generating function WS replaces it by an
optimization over one real variable, which is how the later sections bound the exponential moments.
The two forms agree up to a factor n+ 1.

Lemma 2.7 (Generating function versus exponential moments). For every instance I, running-
time exponent g and solution S with |S| = k,

min
0≤t≤k

(n
t

)
µt(S) ≤ inf

y≥0

(1 + y)n
WS(y) ≤ (n+ 1) min

0≤t≤k

(n
t

)
µt(S) .

Proof. The first inequality is the last display of the proof of Theorem 2.5, read as (1+y)n/WS(y) ≥
1/maxt(µt(S)/

(n
t

)
); note that WS(y) ≥ µ0(S) > 0. For the second, fix t; we exhibit y ≥ 0 with

(1 + y)n/WS(y) ≤ (n + 1)
(n
t

)
/µt(S). If t = 0, take y = 0. If 0 < t < n, put y = t/(n − t) and

τ = t/n, so that y/(1 + y) = τ and 1/(1 + y) = 1 − τ . Since WS(y) ≥ µt(S) yt,

(1 + y)n
WS(y) ≤ (1 + y)n

µt(S) yt = 1
µt(S) τ t(1 − τ)n−t ≤

(n+ 1)
(n
t

)
µt(S) ,
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because τ t(1 − τ)n−t = 2−nH(τ) and
(n
t

)
≥ 2nH(τ)/(n + 1) by (1). If t = n ≥ 1, then k = n, and

y = n gives (1 + y)n/WS(y) ≤ (1 + 1/n)n/µn(S) ≤ (n+ 1)/µn(S).

2.4 Necessity and optimality in its class

Exponential moments are the right quantity for Algorithm MLS-θ. The full version [25] proves two
statements, which we only describe here. First, condition (⋆) is necessary up to a polynomial factor:
if the left-hand side of (⋆) is smaller than 2−ψn by a suitable polynomial factor, then the algorithm
runs A on a subset of S with probability at most 1/4, by Lemma 2.6(b) and Markov’s inequality.
Second, Algorithm MLS-θ is optimal, up to polynomial factors and on every instance, among all
algorithms that perform trials which draw uniform samples of a chosen size, run A only on samples
whose running-time exponent is at most a chosen threshold θ, and are charged 2θ per trial, even
when the sizes and thresholds are chosen adaptively: such an algorithm with total charge B answers
yes with probability at most B maxt,θ 2−θqθ(t)/

(n
t

)
, where qθ(t) is the number of t-sets that extend

to a solution of size at most k and have running-time exponent at most θ, while Algorithm MLS-θ
with Γ = 1 and 2ψn equal to the reciprocal of this maximum answers yes with probability at least
1 − e−κ. So a sharper analysis of Algorithm MLS-θ cannot certify a smaller running time, and
further gains need trials outside this class, such as the closure sampling of Section 4.4.

2.5 Budgeted trials

The proof of Theorem 2.5 uses only two properties of a trial: it runs in time at most 2θNO(1),
and it succeeds whenever a random quantity attached to it is at most θ. The following version
for arbitrary budgeted trials covers randomized extension algorithms and the closure sampling of
Section 4.4. A trial indexed by ι with threshold θ must run in time 2θNO(1) and must succeed at
least when a random variable ξι, which the analysis attaches to it, is at most θ. The variable ξι is
only used in the analysis; it may depend on an unknown solution.

Algorithm 2.8 (Budgeted trials)

Input: an instance I and an integer k ≤ n.
Parameters: a randomized algorithm Tr with inputs (I, k, ι, θ) and, for each (I, k), a set T =
TI,k of indices; for ι ∈ T and an integer θ ≥ 0, the run of Tr on (I, k, ι, θ) is the trial Trι,θ.
Further ψ, Γ and κ, with a cap Θ and trial counts mι,θ as in (2) with ι in place of t.

For every ι ∈ T and θ ∈ {0, . . . ,Θ}, run mι,θ independent trials Trι,θ, and answer yes as soon
as one accepts. Answer no after all trials.

Theorem 2.9 (Budgeted trials). Let Φ be an implicit set system, and let Tr and the index sets
T = TI,k be as in Algorithm 2.8, such that TI,k can be listed in time NO(1). Suppose that there is a
polynomial p such that for every instance I, every integer k ≤ n, every ι ∈ TI,k and every integer
θ ≥ 0

(T1) Trι,θ runs in time 2θp(N) and in space p(N) plus sp, where sp ≥ 0 depends only on I (for
example, the space of an extension algorithm on I), and

(T2) Trι,θ rejects if FI contains no set of size at most k.

Fix I and k, let S ∈ FI with |S| = k, and suppose that for each ι ∈ T there is a random variable
ξι with values in [0,∞], whose distribution may depend on S but not on θ, such that

(T3) Pr[Trι,θ accepts] ≥ Pr[ξι ≤ θ] for every integer θ ≥ 0.
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Let ψ, Γ, κ be as in Theorem 2.5. Then Algorithm 2.8, run with these trials and parameters, runs
in time 2ψnNO(1) and space NO(1) + sp, answers no if FI contains no set of size at most k, and
answers yes with probability at least 1 − e−κ if

max
ι∈T

E[2−ξι ] ≥ 2−ψn

Γ .

Proof. Time, space and soundness follow from (T1) and (T2) exactly as items (i) and (ii) of The-
orem 2.5; the number of pairs is now |T |(Θ + 1) ≤ NO(1), as T is listed in time NO(1). Fix ι
with E[2−ξι ] ≥ 2−ψn/Γ. Then 2−Θ ≤ 2−ψn/(2Γ) ≤ E[2−ξι ]/2, so Lemma 2.6(a) gives θ ≤ Θ with
Pr[ξι ≤ θ] ≥ 2θE[2−ξι ]/(4(Θ + 1)) ≥ 2θ−ψn/(4Γ(Θ + 1)). By (T3) each trial of (ι, θ) accepts with
probability πι,θ ≥ Pr[ξι ≤ θ], the trial count satisfies mι,θ ≥ Mι,θ ≥ κ/πι,θ, and by independence all
these trials fail with probability at most (1 − πι,θ)mι,θ ≤ e−κ.

Theorem 2.5 is the instance T = {0, . . . , k}, in which a trial of (t, θ) is steps 1–2 of Algo-
rithm MLS-θ, and ξt = g(I,X, k) if X ⊆ S and ξt = ∞ otherwise. The next instance allows
extension algorithms with one-sided error.

Corollary 2.10 (One-sided-error extension algorithms). Let A be a randomized algorithm for Φ-
Extension that never accepts a no-instance, accepts every yes-instance with probability at least 1/2
using its own independent coins, and runs in time 2g(I,X,k)NO(1) for every input and every outcome
of its coins, where g is polynomial-time computable. Then Theorem 2.5 holds for A with Γ replaced
by 2Γ in the cap Θ and in the trial counts mt,θ.

Proof. Apply Theorem 2.9 with T = {0, . . . , k} and the trials of Algorithm MLS-θ with the ran-
domized A; (T1) and (T2) hold because the time bound holds for every outcome of the coins and
A never accepts a no-instance. Let ξ′

t equal ξt if an independent fair coin shows heads and ∞
otherwise. Then Pr[Trt,θ accepts] ≥ 1

2 Pr[ξt ≤ θ] = Pr[ξ′
t ≤ θ] and E[2−ξ′

t ] = µt(S)/(2
(n
t

)
), so

Theorem 2.9 with 2Γ in place of Γ gives the claim.

3 Corollaries: mean exponents, linear savings and product form
This section derives earlier and intermediate forms of Monotone Local Search from Theorem 2.5.
For a solution S with |S| = k put

M(S) = min
0≤t≤k

(n
t

)
µt(S) and G(S) = inf

y≥0

(1 + y)n
WS(y) ,

so that M(S) ≤ G(S) ≤ (n + 1)M(S) by Lemma 2.7. Condition (⋆) holds exactly when 2ψnΓ ≥
M(S); thus, with Γ = 1, M(S) is the smallest running-time bound 2ψn (up to the factor NO(1)) that
Theorem 2.5 certifies for S, and G(S) is the smallest one that the generating-function condition
certifies.

3.1 Mean exponents

The simplest hypothesis on a sample-dependent running-time exponent is a bound λ on its mean
over the t-subsets of a solution, for one sample size t.
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Theorem 3.1 (Mean-exponent Monotone Local Search). Let t(I, k) ∈ {0, . . . , k} and λ(I, k) ≥ 0
be computable in time NO(1), with values λ(I, k) ≤ NO(1), such that for every instance I, every
k ≤ n and every S ∈ FI with |S| = k, writing t = t(I, k),

EX
[
g(I,X, k)

]
≤ λ(I, k), X uniform in

(
S

t

)
. (3)

Then there is a randomized algorithm that, given I and k ≤ n, runs in time
(n
t

)(k
t

)−12λ(I,k)NO(1)

and in space NO(1) plus the space of A. It answers no if FI contains no set of size at most k, and
it answers yes with probability at least 1 − 1/e if FI contains a set of size exactly k.

Proof. If n = 0, the membership test decides the question. Otherwise define ψ by 2ψn =
(n
t

)(k
t

)−12λ,
with t = t(I, k) and λ = λ(I, k), and take Γ = κ = 1; then 0 ≤ ψ ≤ 1 + λ/n ≤ NO(1). For S ∈ FI

with |S| = k, Jensen’s inequality for the convex function x 7→ 2−x and (3) give

µt(S) =
(
k

t

)
EX
[
2−g(I,X,k)] ≥

(
k

t

)
2−EX [g(I,X,k)] ≥

(
k

t

)
2−λ =

(
n

t

)
2−ψn,

with X uniform in
(S
t

)
. Hence (⋆) holds with Γ = 1, and Theorem 2.5 gives the claims.

The same bound has a direct proof by the Markov-cutoff mechanism of Lemma 2 of Zamir [45]:
use only the sample size t and the single threshold λ+ 1; by Markov’s inequality a sample inside S
passes the threshold with probability at least 1/(λ+ 1).

3.2 Linear mean savings

Often the mean running-time exponent of a sample X of size t inside a solution of size k is at most
βn−ρt+C for reals β, ρ, C ≥ 0: at solution fraction σ = k/n, each further sampled element divides
the probability that the sample lies inside the solution by about 1/σ, and the running-time bound
of an extension call by 2ρ. For σ ∈ (0, 1), reals β, ρ ≥ 0 and p = 2−ρ define

F ∗(σ) =


β if σ ≤ p,

β + σ log p
σ

+ (1 − σ) log 1 − p

1 − σ
= β − σρ+H(σ) + (1 − σ) log(1 − p) if σ > p.

(4)

By the weighted arithmetic–geometric mean inequality, F ∗(σ) ≤ β, with equality exactly when
σ ≤ p.

Corollary 3.2 (Linear mean savings). Let β = β(I, k), ρ = ρ(I, k) and C = C(I, k) be nonnegative
reals computable from (I, k) in time NO(1), with βn + C ≤ NO(1). Let I be an instance and k an
integer with σ = k/n ∈ (0, 1) such that for every t ∈ {0, . . . , k} and every S ∈ FI with |S| = k,

EX
[
g(I,X, k)

]
≤ βn− ρt+ C, X uniform in

(
S

t

)
. (5)

Let F ∗(σ) be as in (4), and let κ > 0 be as in Theorem 2.5. Then:

(1) Every such S satisfies G(S) ≤ 2C+nF ∗(σ). Algorithm MLS-θ with Γ = 1, confidence κ and a
rate computable from (I, k) in time NO(1) gives a randomized algorithm that, given I and k,
runs in time 2max(0, C+nF ∗(σ))NO(1), answers no if FI contains no set of size at most k, and
answers yes with probability at least 1 − e−κ if FI contains a set of size k.
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(2) F ∗(σ) < β if and only if ρ > log(1/σ).

The proof bounds the moments µt(S) from below by Jensen’s inequality, as in the proof of
Theorem 3.1, sums them by the binomial theorem, and minimizes the resulting bound on (1 +
y)n/WS(y) over y; the minimum lies at y = 0 if σ ≤ p and at y0 = (σ − p)/(1 − σ) otherwise (see
the full version [25]).

3.3 Product-form running times and multivariate Monotone Local Search

For constants b, c, d ≥ 1, the product-form running-time exponent is

g(I,X, k) = (n− |X|) log b+ (k − |X|) log c+ |X| log d, (6)

and we put

base(b, c, d) = b+ min(d, bc)
(
1 − 1

c

)
=
{
b+ d− d/c if d ≤ bc,

bc if d ≥ bc.

If S ∈ FI with |S| = k and g has the form (6) on all inputs (I,X, k) with X ⊆ S, then µt(S) =(k
t

)
b−(n−t)c−(k−t)d−t for 0 ≤ t ≤ k, and by the binomial theorem

WS(y) =
k∑
t=0

(
k

t

)
yt b−(n−t)c−(k−t)d−t = b−nc−k

(
1 + ybc

d

)k
. (7)

At y∗ = (c−1)d/(bc) we have 1+y∗bc/d = c, so WS(y∗) = b−n and (1+y∗)n/WS(y∗) = (b+d−d/c)n;
at y = 0 the ratio is bnck ≤ (bc)n. Hence G(S) ≤ base(b, c, d)n. Conversely, the full version [25]
shows that max0≤k≤nM(S) ≥ base(b, c, d)n/((n+1)K) for a constant K that depends only on b, c, d:
for such running-time exponents the main theorem certifies, up to a polynomial factor, no smaller
running-time bound for the worst solution size.

Corollary 3.3 (Multivariate Monotone Local Search). Let b, c, d ≥ 1 be constants such that log b,
log c and log d are computable to polynomially many bits in polynomial time. If Φ-Extension can
be solved in time bn−|X|ck−|X|d|X|NO(1) on every input (I,X, k), then Φ-Subset can be decided by
a randomized algorithm with one-sided error at most 1/e in time

(
b+ min(d, bc)

(
1 − 1

c

))n
NO(1) =

{
(b+ d− d/c)nNO(1) if d ≤ bc,

(bc)nNO(1) if d ≥ bc,

and in space NO(1) plus the space of the extension algorithm.

Proof. The product-form exponent (6) is nonnegative, computable in time NO(1) (if log b, log c or
log d is irrational, rounded up by at most 1, which replaces Γ by 2), and by hypothesis a running-
time exponent for the given extension algorithm. Fix k ≤ n and put 2ψ = base(b, c, d) (with
a rational rate in [ψ,ψ + 1/n] if ψ is irrational), Γ = 2 and κ = 1. For every S ∈ FI with
|S| = k, the computation after (7) gives the generating-function condition of Theorem 2.5 with
2ψn = base(b, c, d)n, at y = y∗ if d ≤ bc and at y = 0 if d ≥ bc. So Theorem 2.5 gives an algorithm
that runs in time base(b, c, d)nNO(1), answers no if FI has no set of size at most k, and answers
yes with probability at least 1 − 1/e if FI has a set of size k. Running it for k = 0, . . . , n decides
Φ-Subset.

As bc ≥ 1, the case d = 1 gives (1 + b− 1/c)nNO(1), the theorem of Gaspers and Lee [27], and
the case b = d = 1 gives (2 − 1/c)nNO(1), the randomized theorem of [18].

14



4 Connected Dominating Set and Max Leaf Spanning Tree
All graphs are finite, simple and undirected. Throughout, G is a graph with vertex set V = V (G)
and n = |V | vertices; when G is fixed we write N(v), N [v], N [X] = ⋃

x∈X N [x] and N(X) =
N [X]\X. For a subgraph F ⊆ G we keep the subscript: NF (v), NF [X] and dF (v) are neighborhoods
and degrees in F . For a graph, comp(·) denotes the number of its connected components; in
particular comp(G[∅]) = 0. A connected dominating set of G is a nonempty set S ⊆ V with
N [S] = V such that G[S] is connected, and for a connected graph G we write γc(G) for the
minimum size of a connected dominating set. Connected Dominating Set asks for γc(G), and
Max Leaf Spanning Tree asks for the maximum number of leaves of a spanning tree of a
connected graph G. The following equivalence is folklore [8, 19, 17, 2].

Lemma 4.1 (Max leaf and connected domination). Let G be a connected graph with n vertices. If
n ≥ 3, the maximum number of leaves of a spanning tree of G equals n−γc(G), and a spanning tree
with at least n− |S| leaves can be computed in polynomial time from any connected dominating set
S. If n ≤ 2, the only spanning tree of G is G itself, with no leaf if n = 1 and two leaves if n = 2.

For the second claim, take a spanning tree of G[S] and attach every vertex of V \S by one edge
to a neighbor in S; this gives, whenever n ≥ 2, a spanning tree of G in which every vertex outside
S is a leaf. All algorithms of this section run, for s = 1, . . . , n in turn, a procedure that rejects
s if no connected dominating set of size at most s exists and accepts s = γc(G) (with probability
at least 1 − e−κ, for the randomized ones), and output the first accepted s, or n if there is none;
this output is never below γc(G), and with Lemma 4.1 it also solves Max Leaf Spanning Tree,
where graphs with n ≤ 2 vertices are handled directly.

4.1 Red–blue states and the Steiner extension

Abu-Khzam, Mouawad and Liedloff [2] solve Connected Dominating Set by reducing it to a
connected red–blue domination problem, which they finish with a Steiner tree computation. We use
their formulation, extended by dominating components, the connected pieces of a partial solution.

Definition 4.2 (State). A state of a graph G is a triple J = (D, B,R) in which D is a family of
pairwise disjoint nonempty vertex sets, each inducing a connected subgraph of G, with no edge
of G between two distinct members, and, writing V (D) = ⋃

C∈D C, the sets B and R satisfy
B ⊆ V \ V (D) and R ⊆ V \ N [V (D)]. The vertices in B are blue (still available), those in R are
red (still to be dominated), and the members of D are the dominating components. The solutions
of J are the sets Y ⊆ B with R ⊆ N [Y ], G[V (D) ∪ Y ] connected and V (D) ∪ Y ̸= ∅, and OPT(J)
is the minimum size of a solution (OPT(J) = ∞ if there is none). The terminals of J are its red
vertices and its dominating components; their set is T(J) = R ∪ D, so |T(J)| = |R| + |D|.

For a nonempty set X ⊆ V let DX be the family of vertex sets of the components of G[X], put
JX =

(
DX , V \ X, V \ N [X]

)
, and let J∅ = (∅, V, V ). The solutions of JX are exactly the sets

Y ⊆ V \X for which X ∪ Y is a connected dominating set, and

|T(JX)| = n− |N [X]| + comp(G[X]) for every X ⊆ V, (8)

an integer in {0, . . . , n}; |T(J∅)| = n, and |T(JX)| = 1 if X is a connected dominating set. A state
is encoded as a directed Steiner tree instance in which each red vertex is a sink that can be entered
only from a blue vertex dominating it, one dominating component is the root (if there is none,
every blue vertex is tried as the first vertex of the solution), and the other components and the red
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vertices are the terminals. Nederlof’s inclusion–exclusion over branching walks [37], with arcs used
only in their own direction [36, 30], solves it in time 2|K|nO(1) and polynomial space, for K the set
of terminals (proofs in the full version [25]).

Definition 4.3 (Set system and extension algorithm). Let ΦCDS be the implicit set system whose
instances are graphs G, with universe V (G) and with the connected dominating sets of G as
solutions. Let ASt be the algorithm that on input (G,X, k) rejects at once if k < |X|, and otherwise
computes OPT(JX) and accepts if and only if OPT(JX) ≤ k − |X|.

Corollary 4.4 (Steiner extension). For every state J of an n-vertex graph, OPT(J) can be com-
puted deterministically in time 2|T(J)|nO(1) and polynomial space. Consequently, the algorithm
ASt of Definition 4.3 solves ΦCDS-Extension in polynomial space, and g(G,X, k) = |T(JX)| =
n − |N [X]| + comp(G[X]) is a running-time exponent for it in the sense of Definition 2.2, with
values in {0, . . . , n}.

This running-time exponent does not depend on k; we write g(X) = |T(JX)|.

4.2 Sampling inside a connected dominating set

For a tree F and a set X ⊆ V (F ), let F{X} denote the subgraph of F with vertex set NF [X] and
the edges of F with at least one end in X.

Lemma 4.5 (Tree inequality). Let F be a tree and let X ⊆ V (F ) be nonempty. Then

|NF [X]| − comp(F [X]) ≥ 1 +
∑
x∈X

(
dF (x) − 1

)
,

with equality if and only if F{X} is connected.

Proof. Let eX be the number of edges of F [X] and eXY the number of edges of F with exactly
one end in X; the other end of such an edge lies in Y = NF (X). Then ∑x∈X dF (x) = 2eX + eXY ,
and comp(F [X]) = |X| − eX because F [X] is a forest. The graph F{X} is a forest with |X| + |Y |
vertices and eX + eXY edges, so eX + eXY ≤ |X| + |Y | − 1, with equality if and only if F{X} is
connected. Therefore

|NF [X]| − comp(F [X]) = |Y | + eX ≥ 2eX + eXY + 1 − |X| = 1 +
∑
x∈X

(
dF (x) − 1

)
.

Lemma 4.6 (Pointwise form). Let G be a connected graph with n ≥ 2 vertices and let S be a
connected dominating set of G. Let F be a spanning tree of G in which every vertex of V \ S is a
leaf. Put w(u) = dF (u) − 1 for u ∈ S. Then

∑
u∈S w(u) = n− 2, and for every nonempty X ⊆ S,

|N [X]| − comp(G[X]) ≥ 1 +
∑
x∈X

w(x), that is, |T(JX)| ≤ n− 1 − w(X).

Proof. The tree F has n − 1 edges and the n − |S| vertices outside S have degree 1 in F , so∑
u∈S dF (u) = 2(n − 1) − (n − |S|) and ∑

u∈S w(u) = n − 2. For nonempty X ⊆ S we have
N [X] ⊇ NF [X] because F ⊆ G, and comp(G[X]) ≤ comp(F [X]) because F [X] is a spanning
subgraph of G[X]. Now Lemma 4.5 and (8) give the claim.

Lemma 4.7 (Mean number of terminals). Let G be a connected graph with n ≥ 2 vertices, let S
be a connected dominating set of G with |S| = s, let 1 ≤ t ≤ s and let X be uniform in

(S
t

)
. Then

E |T(JX)| ≤ n− 1 − t(n− 2)
s

.
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Proof. Take F and w as in Lemma 4.6. Each u ∈ S lies in X with probability t/s, so by linearity
of expectation E[w(X)] = t(n− 2)/s, and Lemma 4.6 gives the claim.

The bound of Lemma 4.7 cannot be improved in general: equality holds for every t when G[S]
is a star and every vertex of V \ S has exactly one neighbor in S (see the full version [25]).

4.3 Algorithms RS and RS-θ

Algorithm RS runs, for s = 1, . . . , n, Algorithm MLS-θ(ψRS, 2, κ) on (G, s) for ΦCDS with the
extension algorithm ASt and g(X) = |T(JX)|, where ψRS = 0.80309062, and outputs the first
accepted s (or n). With σ = s/n, Lemma 4.7 gives the hypothesis (5) of Corollary 3.2 with β = 1,
ρ = 1/σ and C = 1 (for t = 0, |T(J∅)| = n), and the resulting rate is

F ∗(σ) = H(σ) + (1 − σ) log
(
1 − 2−1/σ) (0 < σ < 1), (9)

the second case of (4), since 2−1/σ < σ; at σ = 1
2 the base 2F ∗(σ) is exactly

√
3. So every

connected dominating set S of size s < n satisfies maxt µt(S)/
(n
t

)
≥ 2−nF ∗(σ)/2 by Corollary 3.2

and Lemma 2.7, and for s = n we have µn(V ) = 1
2 . A check of F ∗ on [0.2, 0.8] in ball arithmetic,

with F ∗(σ) < H(σ) ≤ H(0.2) < 0.73 outside, shows F ∗(σ) ≤ log 1.744835 for all σ ∈ (0, 1),
and F ∗(σ) ≤ 0.7807 for σ ∈ (0, 0.31] ∪ [0.54, 1) (the full version [25]). As 2ψRS = 1.744835 . . .,
Theorem 2.5 with Γ = 2 gives:

Theorem 4.8 (Algorithm RS). For every constant κ > 0, Algorithm RS runs in time O(1.7449n)
and polynomial space. It never outputs a value below γc(G), and it outputs γc(G) with probability
at least 1 − e−κ.

By the tightness of Lemma 4.7, the mean cannot be improved, but how it is used can: when the
number of terminals fluctuates, Jensen’s inequality E[2−|T(JX)|] ≥ 2−E|T(JX)| is strict. Algorithm
RS-θ is Algorithm RS with the rate ψ∗ = 0.7827016 in place of ψRS, and its analysis bounds WS

directly.

Theorem 4.9 (Algorithm RS-θ). For every constant κ > 0, Algorithm RS-θ runs in time O∗(2ψ∗n),
where 2ψ∗ = 1.7203 . . . < 1.7204, and in polynomial space. It never outputs a value below γc(G),
and it outputs γc(G) with probability at least 1 − e−κ.

The first step is a potential that is local along a spanning tree of the solution. An owner map
of a connected dominating set S is a map o : V \ S → S with o(u) ∈ N(u) for every u /∈ S; let
νv = |o−1(v)| for v ∈ S. For a tree F with V (F ) = S and X ⊆ S put

ΠF,ν(X) =
∑

v∈S\X
νv +

∣∣{v ∈ S : NF [v] ∩X = ∅}
∣∣+ comp(F [X]), WF,ν(y) =

∑
X⊆S

y|X| 2−ΠF,ν(X).

Lemma 4.10 (Tree reduction). Let G be a connected graph, let S be a connected dominating
set of G, let F be a spanning tree of G[S] and let o be an owner map with counts ν. Then
|T(JX)| ≤ ΠF,ν(X) for every X ⊆ S. Consequently WS(y) ≥ WF,ν(y) for every y ≥ 0.

Proof. By (8), |T(JX)| = |(V \ S) \ N [X]| + |S \ N [X]| + comp(G[X]). (1) If u ∈ V \ S is not
in N [X], then o(u) /∈ X; so |(V \ S) \ N [X]| ≤

∑
v∈S\X νv. (2) If v ∈ S is not in N [X], then

NF [v] ∩X = ∅. (3) F [X] is a spanning subgraph of G[X], so comp(G[X]) ≤ comp(F [X]).
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Since comp(F [X]) = |X| − e(F [X]), the potential is a sum of terms that each depend on
one vertex, its count νv and the sampled vertices of its closed neighborhood in F , so WF,ν(y) is
computed by a three-state recursion from the leaves of F (the state of a vertex records whether
it is sampled and, if not, whether a child is), with a bilinear merge rule. Adapting the method
of Rote [41] and Rosenfeld [40] from upper to lower bounds, we bound the recursion for all trees
at once by a region conv(Z) + K, for a finite set Z of rational points and the cumulative cone
K = {P ∈ R3 : P1 ≥ 0, P1 + P2 ≥ 0, P1 + P2 + P3 ≥ 0}, that the merge rule maps into itself up to
known scales e1 per tree vertex and e2 per owned vertex, an antinorm in the sense of Guglielmi and
Protasov [29]. Such a certificate gives maxt µt(S)/

(n
t

)
≥ cZ2−n(log(1+y)−σ log e1−(1−σ) log e2) for every

connected dominating set S with |S| = σn, where cZ > 0 depends only on Z. Two certificates,
with y = 69/200 and 17/50 and with 27 and 29 points, cover σ ∈ [0.31, 0.54] with rate at most
0.78270152 < ψ∗ and cZ ≥ 0.62, and the bound for RS covers the other σ; this proves Theorem 4.9
(details and the certificate data in the full version [25]). The analysis is close to tight for this
algorithm: on the uniform (2, 2)-lobsters, whose unique minimum connected dominating set is a
spine path with two legs at every spine vertex, and which have two further pendant vertices at
every leg, RS-θ run with a rate ψ succeeds on all of them with probability bounded away from 0
only if 2ψ ≥ 1.71927 (the full version [25]).

4.4 Closure sampling: Algorithm RSC

On the instances where the analysis of RS-θ is nearly attained, some vertices of the solution have
many neighbors inside the solution, and such a vertex stands out among the vertices with at least
two sampled neighbors. Algorithm RSC adds each such candidate to the sample independently
with a small probability before it computes the number of terminals. For X ′ ⊆ V let C(X ′) = {v ∈
V \X ′ : |N(v) ∩X ′| ≥ 2}, and write pk := p2 if k = 2 and pk := p3 if k ≥ 3.

Algorithm 4.11 (RSC)

Input: a connected graph G with n ≥ 1 vertices.
Parameters: p2 = 0.07, p3 = 0.077, y = 31/100 and ê = 145729958/189014575; ψ = log ϱ with
ϱ = (1 + y)/ê; a constant κ > 0 and Γ = 2; a cap Θ and trial counts mt,θ within the ranges (2).

For s = 1, 2, . . . , n, decide whether to accept s as follows, and output the first accepted s (and
n if there is none). For every t ∈ {0, . . . , s} and every integer θ ∈ {0, . . . ,Θ}, repeat mt,θ times:

(a) draw X ′ uniformly from
(V
t

)
and compute C(X ′);

(b) put each v ∈ C(X ′) into Υ independently with probability p|N(v)∩X′|, and let X = X ′ ∪Υ;

(c) if |X| ≤ s and |T(JX)| = n − |N [X]| + comp(G[X]) ≤ θ, compute OPT(JX) by Corol-
lary 4.4, and accept s if OPT(JX) ≤ s− |X|.

Theorem 4.12 (Algorithm RSC). For every constant κ > 0, Algorithm RSC runs in time O∗(ϱn),
where ϱ = 990436373/582919832 = 1.6990 . . . < 1.6991, and in polynomial space, on every con-
nected graph G with n vertices. It never outputs a value below γc(G), and it outputs γc(G) with
probability at least 1 − e−κ. Consequently Connected Dominating Set, and Max Leaf Span-
ning Tree, can be solved by a randomized algorithm with one-sided error in time O(1.6991n) and
polynomial space.

The trials of RSC are budgeted trials in the sense of Theorem 2.9, with ξt = |T(JX)| if the
closed sample X lies in S and ξt = ∞ otherwise. Grouping by |X ′| reduces Theorem 4.12 to the
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bound ∑
X′⊆S

y|X′| EΥ
[
1[Υ ⊆ S] 2−|T(JX′∪Υ)|

]
≥ 0.6060 ên

for every connected dominating set S with |S| = γc(G), with the parameters of Algorithm 4.11.
Its proof (the full version [25]) replaces the graph by a spanning tree of G[S] with an owner map,
bounds most outside factors by owner factors with an exposure 1 − pτ when the owner is in the
closed sample and a credit when it is not, evaluates the result by a ten-state recursion, uses the
minimality of S at the leaves, and bounds a relaxation of the recursion from below by an antinorm in
an eight-dimensional cone. This certificate has 1024 rational points and about 3.7 million relations,
each checked in exact rational arithmetic by two independently written programs; the reduction of
the bound to these finite conditions is checked in Lean 4, where the conditions are checked as well,
by compiled evaluation [26].

4.5 Derandomization and a deterministic algorithm

Fomin et al. [18] derandomize classical Monotone Local Search with set-inclusion families, at the
price of a factor 2o(n). With sample-dependent running times this is not enough, since the member of
the family inside the solution may be one of the slowest samples. In a black-box model, an algorithm
sees the instance only through calls COST(X, ℓ), which returns g(X, ℓ) at cost 1, EXT(X, ℓ), which
decides extendability at cost 2g(X,ℓ), and membership tests at cost 1; computation is free. The
randomized algorithms of Theorems 2.5 and 3.1 run in this model. An adversary in the style of
the planting argument of [14, 15] plants a solution among the k-sets that a deterministic run leaves
untouched. For the mean bounds λ0 = n and λj = n− 1 − j(n− 2)/k (1 ≤ j ≤ k) of Lemma 4.7,
this gives the following (proof in the full version [25]).

Corollary 4.13 (The mean bounds of Connected Dominating Set). Let n be even and k = n/2.
Every deterministic black-box algorithm that answers no on every instance with no set of size at
most k, and yes on every instance that has a solution of size k and in which every solution S
of size k satisfies the mean bounds EX∈(S

j)g(X, k) ≤ λj for all j ∈ {0, . . . , k}, has cost at least

2H(1/4)n/(6(n + 1)(n + 2)) ≥ 1.7547n/(6(n + 1)(n + 2)) on some no-instance, while Algorithm
MLS-θ with the parameters of Corollary 3.2(1) decides the same class with one-sided error at cost√

3nnO(1).

This is a statement about the abstract class, not about Connected Dominating Set. By
Lemma 4.6, |T(JX)| ≤ n−1−w(X) for nonempty X ⊆ S with unknown nonnegative integer weights
of known total w(S) = n− 2, an integer affine certificate. We list deterministically, in polynomial
space, balanced families: set-inclusion families that contain, for every k-set S and every weighting
of S, a t-subset X of S with w(X) ≥ t

kw(S). Running them for guesses of the sizes and total
weights of the light and heavy weight classes of the unknown solution achieves deterministically, up
to a factor 2O(n(log logn)2/ logn), the exponential-moment bound of the worst integer weight profile,
which takes only the two values ⌊(n − 2)/k⌋ and ⌊(n − 2)/k⌋ + 1. A rate certificate with explicit
values of y, checked by one algebraic identity and ten rational inequalities in exact arithmetic, then
gives the following (proofs in the full version [25]).

Theorem 4.14 (Deterministic Connected Dominating Set and MaxLeaf). Connected Dom-
inating Set, and hence Max Leaf Spanning Tree, can be solved by a deterministic algorithm
in time O

(
(
√

5 − 1
2)n 2O(n(log logn)2/ logn)) = O(1.7361n) and polynomial space, where

√
5 − 1

2 =
1.7360 . . ..
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Theorem 4.14 derandomizes the exponential-moment bound of the surrogate n− 1 −w(X), not
Theorem 2.5 for the true running-time exponent; it improves on Algorithm RS but not on RS-θ or
RSC.

5 Component-count running times
This section treats problems whose solutions S induce connected subgraphs G[S] and whose ex-
tension algorithms run in time O∗(c k−|X| 2comp(G[X])) on a sample X, with c = 3 for Connected
Feedback Vertex Set and c = 2 for Graph Motif and Connected Vertex Cover. A sam-
ple of size t can have t components, and the product-form bound ck−t2t gives through Corollary 3.3
with (b, c, d) = (1, c, 2) the base 3 − 2/c ≥ 2 when c ≥ 2. For a graph F and X ⊆ V (F ) we write
e(F [X]) = |E(F [X])|, and He(P) = −

∑
z P(z) lnP(z) is the entropy of a probability distribution P

on a finite set, with the natural logarithm.

5.1 The partition function of a tree

Definition 5.1 (Tree partition function). For a tree F and a real ζ ≥ 0 let

ZF (ζ) =
∑

X⊆V (F )
ζ |X| 2e(F [X]),

let Mζ =
( 1 ζ

1 2ζ
)
, and let λmax(Mζ) = 1

2
(
1 + 2ζ +

√
1 + 4ζ2) be its largest eigenvalue.

Both eigenvalues of Mζ are real and nonnegative, and λmax(Mζ) > 1 for ζ > 0. On a path,
Mζ is the transfer matrix of ZF (ζ): the state of a vertex is 1 if it lies in X and 0 otherwise,
a vertex in state 1 has weight ζ, and an edge between two vertices in state 1 has weight 2. So
ZF (ζ) is a weighted count of homomorphisms from F to a two-vertex target. For graphs without
loops or weights, Csikvári and Lin [9, Theorem 4.3] proved that every tree T with m vertices has
hom(T,G) ≥ eηλm−1 homomorphisms into a connected graph G, where λ is the largest adjacency
eigenvalue of G and η ≥ 0 is an entropy; our proof follows theirs. Whether the path minimizes such
counts exactly depends on the target [43, 24, 23]; our target carries the weight 2 on a loop, and we
know of no exact result for it. Our analysis needs only the bound up to the factor min(1, ζ).

Lemma 5.2 (Gibbs bound, after Csikvári and Lin). For every tree F with k ≥ 1 vertices and every
ζ > 0,

ZF (ζ) ≥ min(1, ζ)λmax(Mζ)k−1.

Proof. Write λ = λmax(Mζ), w0 = 1, w1 = ζ, Aij = 2 if i = j = 1 and Aij = 1 otherwise, for
i, j ∈ {0, 1}. A subset X of V (F ) is a labeling z : V (F ) → {0, 1}, and ZF (ζ) = ∑

z f(z) with
f(z) = ∏

v∈V (F )wzv

∏
uv∈E(F )Azuzv > 0.

A reversible chain. Let Kij = √
wiAij

√
wj , that is, K =

( 1
√
ζ√

ζ 2ζ

)
. This symmetric matrix has

the same characteristic polynomial x2 − (1 + 2ζ)x+ ζ as Mζ , so its largest eigenvalue is λ, with the
eigenvector (

√
ζ, λ− 1), whose entries are positive. Let v be this vector normalized to v2

0 + v2
1 = 1,

and put
πi = v2

i , pij = Kijvj
λvi

(i, j ∈ {0, 1}).

Then pij > 0 and ∑j pij = (Kv)i/(λvi) = 1, so (pij) is a stochastic matrix. Moreover πij := πipij =
viKijvj/λ is symmetric in i and j, so π is stationary for (pij).
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A labeling of the tree. Root F at a vertex r. Let P be the distribution of the random labeling that
gives r a label drawn from π and then, going down the tree, gives every child v of a vertex u a label
drawn from the row pzu,·, independently of everything else: P(z) = πzr

∏
u→v pzuzv > 0, the product

over the k− 1 pairs of a parent u and a child v. By stationarity, every vertex has label distribution
π, and every edge, with parent u and child v, has joint label distribution Pr[zu = i, zv = j] = πij ,
which is symmetric with both marginals equal to π.

The Gibbs inequality. For any probability distribution P on the labelings, Jensen’s inequality
for the concave function ln gives

EP ln f +He(P) =
∑

z:P(z)>0
P(z) ln f(z)

P(z) ≤ ln
∑
z

f(z) = ln ZF (ζ).

For our P, by its product form and the marginals above,

He(P) = He(π) − (k − 1)
∑
i,j

πij ln pij , EP ln f = k
∑
i

πi lnwi + (k − 1)
∑
i,j

πij lnAij .

Since lnAij = ln Kij − 1
2 lnwi − 1

2 lnwj and both marginals of (πij) are π, we have ∑πij lnAij =∑
πij ln Kij −

∑
i πi lnwi. Since ln pij = ln Kij + ln vj − ln vi − lnλ and (πij) is symmetric, the

terms in v cancel, and −
∑
πij ln pij = lnλ −

∑
πij ln Kij . Adding up, the terms in K cancel as

well, and

ln ZF (ζ) ≥
∑
i

πi lnwi +He(π) + (k − 1) lnλ = π1 ln ζ +He(π) + (k − 1) lnλ.

Finally He(π) ≥ 0 and π1 ∈ [0, 1], so π1 ln ζ ≥ ln min(1, ζ).

Paths attain this bound up to a factor depending only on ζ: for a path F with k vertices,
ZF (ζ) = dTKk−1d with d = (1,

√
ζ), so ZF (ζ) ≤ (1 + ζ)λmax(Mζ)k−1.

5.2 Component-count running times and Monotone Local Search

Definition 5.3 (Component-count bound). Let c ≥ 1 and γ ≥ 0 be constants. The running-time
exponent g has a component-count bound with constants (c, γ) if for every instance I and every
solution S ∈ FI with |S| = k ≥ 1 there is a tree F with vertex set S such that

g(I,X, k) ≤ (k − |X|) log c+ |X| − e(F [X]) + γ for every X ⊆ S. (10)

Typically the solutions induce connected subgraphs of a graph G, the running-time exponent is
(k−|X|) log c+comp(G[X]), and F is a spanning tree of G[S]: then comp(G[X]) ≤ comp(F [X]) =
|X| − e(F [X]). For σ ∈ [0, 1] and y ≥ 0 put

ϕc,σ(y) = log(1 + y) − σ log
λmax(Mcy/2)

c
. (11)

Corollary 5.4 (Generating function of a component-count running time). Let g have a component-
count bound with constants (c, γ), let S ∈ FI with |S| = k ≥ 1, let F be a tree for S as in
Definition 5.3, and put σ = k/n.

(a) For every y > 0, with ζ = cy/2,

WS(y) ≥ 2−γc−kZF (ζ) ≥ 2−γ min(1, ζ)
λmax(Mζ)

(λmax(Mζ)
c

)k
,

so (1 + y)n/WS(y) ≤ 2γ λmax(Mζ) 2nϕc,σ(y)/min(1, ζ).
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(b) Put y∗ = 2(c−1)
2c−1 and ζ∗ = cy∗/2 = c(c−1)

2c−1 . Then λmax(Mζ∗) = c, and if c > 1,

WS(y∗) ≥ 2−γ min(1, ζ∗)
c

,
(1 + y∗)n
WS(y∗) ≤ 2γc

min(1, ζ∗)
(4c− 3

2c− 1
)n
.

(c) WS(0) = µ0(S) ≥ 2−γc−k and µk(S) ≥ 2−1−γ.

Proof. (a) By (10), each term of WS(y) satisfies y|X|2−g(I,X,k) ≥ 2−γc−k(cy/2)|X|2e(F [X]). Summing
over X ⊆ S gives the first inequality, and Lemma 5.2 the second; the last form follows by dividing
(1+y)n by this bound. (b) The number c is a root of x2−(1+2ζ∗)x+ζ∗, because c2−c−ζ∗(2c−1) = 0.
The other root is ζ∗/c = (c − 1)/(2c − 1) < c, so λmax(Mζ∗) = c. Now (a) gives the claim, as
1 + y∗ = (4c− 3)/(2c− 1). (c) For X = ∅ the right-hand side of (10) is k log c+ γ; for X = S it is
k − (k − 1) + γ = 1 + γ, because F has k − 1 edges.

Corollary 5.5 (Algorithm MLS-θ for component-count running times). Let A solve Φ-Extension,
either deterministically with running-time exponent g, or with one-sided error as in Corollary 2.10,
and let g have a component-count bound with constants (c, γ). Let ψ > 0 and Γ0 ≥ 1 be constants
such that every σ ∈ (0, 1] satisfies at least one of

(R1) σ log c ≤ ψ;

(R2) H(σ) ≤ ψ;

(R3) ϕc,σ(y) ≤ ψ for some y > 0 with λmax(Mcy/2)/min(1, cy/2) ≤ Γ0.

Then for every k ≥ 1, every instance I and every κ > 0 as in Theorem 2.5, Algorithm MLS-
θ(ψ,Γ, κ) with Γ = 21+γΓ0, and with 2Γ in place of Γ in the cap and in the trial counts if A is
randomized, given (I, k), runs in time 2ψnNO(1) and in space NO(1) plus the space of A, answers
no if FI contains no set of size at most k, and answers yes with probability at least 1 − e−κ if FI

contains a set of size exactly k. In particular this holds with ψ = log((4c − 3)/(2c − 1)) for every
c > 1.

Proof. Items (i) and (ii) of Theorem 2.5 give the time, space and soundness; for a random-
ized A use Corollary 2.10, which doubles Γ in the cap and in the trial counts. For item (iii),
let S ∈ FI with |S| = k and σ = k/n. If (R1) holds, then by Corollary 5.4(c) WS(0) ≥
2−γ2−σn log c ≥ (1 + 0)n2−ψn/Γ. If (R2) holds, then

(n
k

)
≤ 2nH(σ) ≤ 2ψn, and Corollary 5.4(c)

gives µk(S)/
(n
k

)
≥ 2−1−γ2−ψn ≥ 2−ψn/Γ, which is (⋆). If (R3) holds with y, then Corollary 5.4(a)

gives (1 + y)n/WS(y) ≤ 2γΓ02ψn ≤ Γ2ψn. In the first and third case the generating-function con-
dition of Theorem 2.5 holds, and it implies (⋆). For the last claim, (R3) holds for every σ with
y = y∗ and Γ0 = c/min(1, ζ∗), by Corollary 5.4(b).

For c = 3 the closed-form base (4c − 3)/(2c − 1) = 1.8 is the best rate that Corollary 5.5 can
certify, since at σ = 26/45 the infimum of ϕ3,σ over y equals log 1.8 and both σ log 3 and H(σ) are
larger. For c = 2 the base 5/3 is not optimal: the best rate is 2ψ2 ≈ 1.64429 (numerical), attained
at σ ≈ 0.71746.

5.3 Applications

Connected Feedback Vertex Set. A connected feedback vertex set of a graph G is a set S ⊆
V (G) such that G − S is a forest and G[S] is connected, and OPT(G) is the minimum size of
one. Running the Monte Carlo 3knO(1)-time algorithm of Cygan et al. [12] or enumerating all
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k-subsets, whichever is faster, gives the folklore base 1.9526, and we are not aware of a published
exact algorithm in time O((2 − ε)n) for a constant ε > 0. Contracting each component of the
sample to a forced vertex and following the iterative compression of [11, 12] with a Cut & Count
test that keeps the forced vertices in the solution gives the following extension algorithm, for the
running-time exponent

g(G,X, k) = (k − |X|) log 3 + comp(G[X]) (12)
(construction and proof in the full version [25]).
Lemma 5.6 (The extension algorithm). There is a randomized algorithm A for Connected
Feedback Vertex Set Extension that, given a connected graph G with n vertices, a set X ⊆
V (G) and an integer k ≥ |X|, runs in polynomial space and, for every outcome of its coins, in time
3k−|X|2comp(G[X])nO(1). If it accepts, it outputs a set Y ⊆ V (G) \ X with |Y | ≤ k − |X| such that
X ∪Y is a connected feedback vertex set of G. On a yes-instance it accepts with probability at least
3/4.

Theorem 5.7 (Connected Feedback Vertex Set). There is a randomized algorithm that, given a
connected graph G with n vertices, outputs a connected feedback vertex set of G in time O∗(1.8n)
and polynomial space. The output always has size at least OPT(G), and it has size exactly OPT(G)
with probability at least 1 − 1/e.
Proof. If G is a forest, output ∅. Otherwise V (G) is a solution and every solution is nonempty. The
extension algorithm of Lemma 5.6 has one-sided error, accepts a yes-instance with probability at
least 3/4, and runs in time 2g(G,X,k)nO(1) for every outcome of its coins, with g as in (12). Every
solution S induces a connected subgraph, so a spanning tree F of G[S] gives the component-count
bound (10) with constants (3, 0). By Corollary 5.5 with c = 3, y∗ = 4/5, ζ∗ = 6/5 and ψ = log 1.8,
Algorithm MLS-θ with κ = 1 and Γ = 21+γΓ0 = 6, where Γ0 = c/min(1, ζ∗) = 3, hence with
2Γ = 12 in the cap and in the trial counts as A is randomized, run for k = 1, . . . , n, returns a
solution of size at most k only if one exists, and returns one with probability at least 1 − 1/e for
k = OPT(G); each run takes time 1.8n nO(1) and polynomial space. Output the smallest set found,
and V (G) if none is found.

For this algorithm the rate log 1.8 cannot be lowered by a positive constant: the upper bound
on ZF for paths and the necessity of (⋆) give, for every constant ε > 0, an infinite family of graphs
on which rates ψ ≤ log 1.8 − ε succeed with probability o(1) (the full version [25]).

Connected Vertex Cover, Graph Motif and weighted problems. For c = 2 the closed
form gives only the base 5/3, so we optimize y for each solution fraction.
Lemma 5.8 (Rate certificate for c = 2). Every σ ∈ (0, 1] satisfies (R1), (R2) or (R3) of Corol-
lary 5.5 with c = 2, ψ = 0.71755 and Γ0 = 16. Moreover 0.71755 < log 1.6444, so 20.71755nnO(1) =
O(1.6444n).

The proof covers σ ≤ 0.7175 by (R1), σ ≥ 0.81 by (R2), and the range between by 925 intervals
of width 10−4 with explicit values yj , on each of which ϕ2,σ(yj) is affine in σ; the finitely many
inequalities are checked by computer in exact or ball arithmetic (the full version [25]). Contracting
each component of the sample to a vertex with a pendant vertex and running Cygan’s deterministic
algorithm [10], which computes a minimum-weight connected vertex cover of size at most b in time
2bnO(1) for polynomially bounded integer weights, gives an extension algorithm for Connected
Vertex Cover in time 2k−|X|+comp(G[X])nO(1); contracting each component to a vertex with a
fresh color and running the randomized O∗(2k) algorithm of Björklund, Kaski and Kowalik [7] does
the same for Graph Motif, with one-sided error (the full version [25]).
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Theorem 5.9 (Connected Vertex Cover and Graph Motif). For vertex weights in {1, . . . , wmax}
with wmax ≤ nO(1), a minimum-weight connected vertex cover of a connected graph with n ≥ 2
vertices can be computed by a randomized algorithm with one-sided error in time O(1.6444n) and
polynomial space. Graph Motif can be solved by a randomized algorithm with one-sided error in
time O(1.6444n) and polynomial space.

The best published bound for Connected Vertex Cover in terms of n is O(1.7088n) [28,
Corollary 1]. With weights, enumerating the minimal connected vertex covers gives O∗(1.8668n) [28,
Theorem 3], and balancing Cygan’s Theorem 3 [10] against enumeration gives O(1.7088n), a combi-
nation we have not seen stated. For polynomially bounded integer weights, the same analysis gives
O(1.6444n) for Maximum-Weight Connected k-Subgraph and O∗(1.8n) for vertex-weighted
Connected Feedback Vertex Set, in polynomial space and with one-sided error (the full
version [25]).

6 Further applications
The analyses of RS-θ and of the deterministic algorithm use the graph only through a spanning tree
of the solution and an assignment of every outside vertex to a solution vertex that dominates it, so
they extend, with the same bases 1.7204 (randomized) and 1.7361 (deterministic), to Connected
r-Dominating Set with r part of the input, to vertex-weighted Connected Dominating Set
and maximum leaf weight, to Weakly Connected Dominating Set and to Directed Max
Leaf Spanning Tree (the last two deterministically). Closure sampling is claimed for none of
these variants. Sampling non-terminals for Directed Steiner Tree, with the number of source
components left by the sample as the running-time exponent, gives randomized time O(1.3727n),
against 2(n−1)/2nO(1) = O∗(2n/2) for the better of inclusion–exclusion and enumeration; and a
finishing step with the Tutte matrix [44] gives O(1.6302n) for Paired Domination. Table 2 lists
the previous bounds; statements and proofs are in the full version [25].

7 Conclusion and open problems
Monotone Local Search needs only large exponential moments µt(S) of the running-time exponent
over the subsets of one solution (Theorem 2.5); the criterion is necessary for Algorithm MLS-θ, and
the algorithm is optimal within its class (Section 2.4). The gains come from extension algorithms
whose running time depends on the structure of the sample. Several questions remain open.

1. Derandomization. Can RS-θ or RSC be derandomized with a factor 2o(n)? Their analyses rest
on tests along an unknown spanning tree of the solution, which are not separable over the blocks
of a product construction.

2. Better trials for Connected Dominating Set. With the same extension algorithm and running-
time exponent, further gains must come from trials outside the class of Algorithm MLS-θ: a
non-uniform sampling distribution, a rule that adds vertices to the sample, as RSC does, or an
accounting that charges a trial only for the extension call that it actually makes. We do not
know whether any of these improves on Theorem 4.12.

3. Component-count running times. For c = 3 the base 1.8 is exact for Algorithm MLS-θ, so further
progress for Connected Feedback Vertex Set needs a different extension algorithm or a
different trial. For c = 2 the proved base 1.6444 is within 2 · 10−4 of the value 2ψ2 ≈ 1.64429
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that Theorem 2.5 certifies for a solution whose spanning tree is a path, but we have no family
of instances of Graph Motif or Connected Vertex Cover on which this value is tight.

4. Closure rules elsewhere. Does a closure rule, as in RSC, lower the running time for Directed
Steiner Tree, or give O(1.6991n) for Connected r-Dominating Set with r ≥ 2?

5. Other problems and enumeration. It would be interesting to characterize the problems for
which Theorem 2.5 is exponentially better than every bound from a product-form running-time
exponent. Fomin et al. [18] also turn product-form Monotone Local Search into enumeration
algorithms; we have not studied enumeration with sample-dependent running times.
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